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MIXED TYPE SURFACES WITH BOUNDED GAUSSIAN
CURVATURE IN THREE-DIMENSIONAL LORENTZIAN
MANIFOLDS
A. HONDA, K. SAJI, AND K. TERAMOTO
Abstract. Amixed type surface is a connected regular surface in a Lorentzian
3-manifold with non-empty spacelike and timelike point sets. The induced met-
ric of a mixed type surface is a signature-changing metric, and their lightlike
points may be regarded as singular points of such metrics. In this paper, we
investigate the behavior of Gaussian curvature at a non-degenerate lightlike
point of a mixed type surface. To characterize the boundedness of Gaussian
curvature at a non-degenerate lightlike points, we introduce several funda-
mental invariants along non-degenerate lightlike points, such as the lightlike
singular curvature and the lightlike normal curvature. Moreover, using the
results by Pelletier and Steller, we obtain the Gauss–Bonnet type formula for
mixed type surfaces with bounded Gaussian curvature.
1. Introduction
Let M3 be an oriented Lorentzian 3-manifold. A mixed type surface in M3 is
a connected regular surface whose spacelike and timelike point sets are both non-
empty. Although mixed type surfaces have no singular points as smooth maps, we
may regard the lightlike points of a mixed type surface as singular points of the
induced metric (i.e., the first fundamental form). Here, a singular point of a metric
is defined as a point at which the metric is degenerate. In this paper, we study
the lightlike points of mixed type surfaces in the way similar to the case of singular
points of smooth maps, especially, of wave fronts.
Figure 1. A mixed type surface in the Lorentz-Minkowski 3-
space R31 given by a cylinder over a circle on the timelike plane
(cf. Example 7.5). The dark (resp. bright) part is the image of the
spacelike (resp. timelike) point sets of the surface.
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1.1. Motivation. Consider a mixed type surface in an oriented Lorentzian 3-
manifold M3 given by an immersion f : Σ → M3 of a 2-manifold Σ. The induced
metric ds2 of f is a signature-changing metric on Σ. The geometry of 2-manifold
endowed with a signature-changing metric is studied [1,11,12,17–19,24–26,29,31–
34, 40]. Signature-changing metrics are also considered in the quantum theory of
gravitation and general relativity (cf. [3, 39]). Mixed type surfaces with zero mean
curvature (mixed type ZMC surfaces, for short) are studied [4–10, 13, 20]. Mixed
type ZMC surfaces are of importance from the fluid mechanical point of view. The
type-change of causal characters of mixed type ZMC surfaces corresponds to the
change of a stream function being from subsonic to supersonic (for more precise,
see [6]). We remark that, in [16], it was proved that there do not exist mixed type
surfaces with non-zero constant mean curvature (see also [44, 45]).
On the other hand, the geometry of singularities of smooth maps, in particular
of wave fronts, is under intense investigation. In [35], the fundamental invariants of
cuspidal edge, called the singular curvature κs and the limiting normal curvature
κν , were introduced. They have the following significant properties:
• The singular curvature κs affects the shape of cuspidal edge [35, Theorem
1.17], and tends to −∞ when the cuspidal edge accumulates to a swallow-
tail [35, Corollary 1.14]. Moreover, κs appears in the remainder term of the
Gauss-Bonnet type formula, see [35–37] (cf. [23]). As proved in [35, Propo-
sition 1.8], κs is an intrinsic invariant (namely, κs can be expressed in terms
of the first fundamental form).
• The limiting normal curvature κν is closely related to the boundedness of
the Gaussian curvature on wave fronts ([35, Theorem 3.1], [28, Theorem
3.9]), and κν is an extrinsic invariant ([30, Corollary B]). Unlike the case
of the singular curvature, κν can be extended continuously across the swal-
lowtail singularity ([28, Proposition 2.9]).
Based on the criteria for the cuspidal edge and the swallowtail given in [21], the
notion of the singular points of the first kind (resp. of the second kind) was intro-
duced in [28], which can be regarded as an generalization of cuspidal edges (resp.
swallowtails), reflecting their intrinsic natures (cf. A2- and A3-points in [14,36–38]).
The purpose of this paper is to develop the theory of mixed type surfaces using
the method of wave fronts. In particular, we introduce several invariants of lightlike
points of the first kind, such as the lightlike singular curvature κL and the lightlike
normal curvature κN , and investigate the behavior of the geometric quantities,
such as Gaussian curvature, of mixed type surfaces near the lightlike points via
their invariants.
1.2. Statement of results. For more precise, let f : Σ → M3 be a mixed type
surface in an oriented Lorentzian 3-manifold M3 = (M3, g¯). A point is said to
be a lightlike point if the first fundamental form ds2 := f∗g¯ (cf. (2.3)) degenerates
at p. Denote by LD (⊂ Σ) the lightlike point set of f , which is also called the
locus of degeneracy. On a coordinate neighborhood (U ;u, v), set a smooth function
λ := EG − F 2, where ds2 = E du2 + 2F du dv + Gdv2. Then, a point p ∈ U is
lightlike if and only if λ(p) = 0. A lightlike point p satisfying dλ(p) 6= 0 is said
to be non-degenerate. By the implicit function theorem, the lightlike point set LD
can be parametrized by a regular curve near p (called the characteristic curve).
A non-degenerate lightlike point p ∈ LD is said to be of the first kind (resp. of
the second kind) if dfp(v) ∈ Tf(p)M3 is spacelike (resp. lightlike) for each non-zero
tangent vector v ∈ TpLD (Definition 2.2). If p is a lightlike point of the first kind,
then the image f(LD) is a spacelike regular curve in M3 near p. A lightlike point
p of the second kind is called an L∞-point if the image f(LD) is a lightlike regular
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curve in M3 near p. If not, a lightlike point p of the second kind is said to be
admissible (cf. Definition 2.2). We remark that the notion of lightlike points of
the first kind can be considered as an analogue for the cuspidal edge singularity of
wave fronts, see Remark 2.3. We also introduce the notion of Lk-points (k ≥ 3) in
Definition 2.2. Such Lk-points are lightlike points p of the second kind, and the
notion of L3-points can be considered as an analogue for the swallowtail singularity
of wave fronts.
Then, we define several invariants of lightlike points of the first kind, such as the
lightlike singular curvature κL and the lightlike normal curvature κN (see Definition
3.2, cf. Lemma 3.5). Like the case of the singular curvature κs, the lightlike singular
curvature κL affects the shape of mixed type surfaces (Corollary 5.7). Moreover,
the following holds:
Theorem A. Let f : Σ → M3 be a mixed type surface in an oriented Lorentzian
3-manifold M3 and p ∈ Σ a lightlike point of the admissible second kind. Then,
(i) the lightlike singular curvature κL tends to −∞ at p.
(ii) the lightlike normal curvature κN converges to 0 or diverges to ±∞ at p.
In particular, if p is not an L3-point, then κN tends to −∞ at p.
By the assertion (i) of Theorem A, we have that κL behaves similarly to the
singular curvature κs for the cuspidal edge singularity of wave fronts ([35, Corol-
lary 1.14]). However, the assertion (ii) of Theorem A implies that the behavior of
κN is different from that of the limiting normal curvature κν for the cuspidal edge
singularity of wave fronts, since κν can be extended continuously across the swal-
lowtail singularity ([28, Proposition 2.9]). We also introduce the invariants called
the lightlike geodesic torsion κG and the balancing curvature κB (Definitions 3.2 and
3.13, cf. Lemma 3.5, Proposition 3.16), and prove the similar results in Theorems
4.5 and 4.10.
Moreover, unlike the case of wave fronts, both κL and κN are related to the
behavior of the Gaussian curvature K at a lightlike point. More precisely, we prove
the following:
Theorem B. Let f : Σ → M3 be a mixed type surface in an oriented Lorentzian
3-manifold M3. If the Gaussian curvature K of f is bounded on a neighborhood of
a non-degenerate lightlike point p ∈ Σ, then p must be of the first kind. Moreover,
for a lightlike point p of the first kind, K is bounded on a neighborhood U of p if
and only if
κL = 0 and κN = κB
hold along the characteristic curve in U .
We remark that, in [16] and [45], it was proved that, if the mean curvature H of
a mixed type surface is bounded at a non-degenerate lightlike point p, then p must
be an L∞-point (cf. Fact 2.4, [44]). Hence, the first assertion of Theorem B can be
regarded as the corresponding result in the case of Gaussian curvature.
On the other hand, in [30, Corollary B], it was proved that the limiting normal
curvature κν of a cuspidal edge is an extrinsic invariant. Similarly, the lightlike
normal curvature κN of a mixed type surface is an extrinsic invariant [15]. However,
in the case of vanishing lightlike singular curvature κL = 0, we can prove the
following.
Corollary C. Let f : Σ → M3 be a mixed type surface in an oriented Lorentzian
3-manifold M3, and let p ∈ Σ be a lightlike point of the first kind. If κL = 0 holds
along the characteristic curve near p, then the lightlike normal curvature κN is an
intrinsic invariant.
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Such a phenomenon does not occur in the case of the cuspidal edge singularity
on wave fronts (see Remark 5.10).
In the case of wave fronts in R3, a Monge form of the cuspidal edge was given
in [27], which clarifies relationships among the invariants. Moreover, by using
the Monge form, we can provide many examples of the cuspidal edge easily. In
Proposition 6.1, we derive a Monge form of a mixed type surface at a lightlike
point of the first kind.
Finally, in Section 7, applying the results by Pelletier [31] and Steller [40] and
Theorem B, we obtain the Gauss–Bonnet type formula for mixed type surface with
bounded Gaussian curvature.
Corollary D. Let f : Σ → (M3, g¯) be a mixed type surface in an oriented
Lorentzian 3-manifold (M3, g¯), where Σ is a connected compact orientable smooth
2-manifold without boundary. If every lightlike point of f is non-degenerate and f
has bounded Gaussian curvature, then∫
Σ
K dA = 2pi χ(Σ)
holds, where χ(Σ) is the Euler characteristic of Σ.
1.3. Organization of this paper. This paper is organized as follows. In Section
2, we shall see the fundamental properties of the lightlike points of mixed type
surfaces. In particular, we show several conditions for lightlike points to be of the
first kind, see Definition 2.2, (2.8), and Proposition 2.6, cf. Remark 2.3. In Section
3, we define the invariants, such as the lightlike singular curvature κL, the lightlike
normal curvature κN , the lightlike geodesic torsion κG, and the balancing curvature
κB (see Definitions 3.2 and 3.13). In particular, we show that κL is an intrinsic
invariant (Lemma 3.9), and we prove the formula for κB in terms of the adapted
coordinate system (Proposition 3.16). In Section 4, we prove Theorem A. More
precisely, we first consider κL and prove the assertion (i) of Theorem A. Next,
to calculate κN and κG, we prepare a formula of the cross product at a lightlike
point (Lemma 4.3). Then, we give a proof of the assertion (ii) of Theorem A,
and Theorem 4.5. Finally, we show a similar result about κB in Theorem 4.10. In
Section 5, we investigate the behavior of Gaussian curvature K, and prove Theorem
B and Corollary C. We also show that κL affects the shape of mixed type surfaces
(Corollary 5.7), and that the principal curvatures of a mixed type surface with
bounded Gaussian curvature are real valued near the lightlike point set (Corollary
5.11). Then, in Section 6, we derive a Monge form of a mixed type surface at a
lightlike point of the first kind (Proposition 6.1). Finally, in Section 7, reviewing
the results by Pelletier [31] and Steller [40], we prove Corollary D.
2. Mixed type surfaces
Let (M3, g¯) be an oriented Lorentzian 3-manifold with the metric g¯ = 〈 , 〉. A
tangent vector v ∈ TpM3 (p ∈ M3) is called spacelike if 〈v,v〉 > 0 or v = 0.
Similarly, if 〈v,v〉 < 0 (resp. 〈v,v〉 = 0), v is called timelike (resp. lightlike). Let
{e1, e2, e3} be a positively oriented orthonormal basis of TpM3, namely,
(2.1) 〈e1, e1〉 = 〈e2, e2〉 = −〈e3, e3〉 = 1, 〈ei, ej〉 = 0
holds, where i, j = 1, 2, 3 (i 6= j). For tangent vectors v,w ∈ TpM3, the vector
product v ×w is given by
(2.2) v ×w :=
∣∣∣∣ v2 w2v3 w3
∣∣∣∣e1 +
∣∣∣∣ v3 w3v1 w1
∣∣∣∣e2 −
∣∣∣∣ v1 w1v2 w2
∣∣∣∣e3,
where vi := 〈v, ei〉, wi := 〈w, ei〉 (i = 1, 2, 3) are components of v, w with respect
to the orthonormal basis {e1, e2, e3}. Then, it holds that
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(1) v ×w is orthogonal to both v and w,
(2) 〈v ×w,v ×w〉 = −〈v,v〉 〈w,w〉+ 〈v,w〉2 .
For v ∈ TpM3, we put |v| :=
√| 〈v,v〉 |.
In this paper, a surface in an oriented Lorentzian 3-manifold M3 = (M3, g¯) is
defined to be an immersion
f : Σ −→ (M3, g¯)
of a differentiable connected 2-manifold Σ into M3. We call the smooth metric ds2
on Σ defined by
(2.3) (ds2)p(v,w) := 〈dfp(v), dfp(w)〉 (v,w ∈ TpΣ, p ∈ Σ)
is called the first fundamental form (or the induced metric) of f .
A point p ∈ Σ is called a spacelike (resp. timelike, lightlike) point , if (ds2)p is a
positive definite (resp. indefinite, degenerate) symmetric bilinear form on TpΣ. We
denote by Σ+ (resp. Σ−, LD) the set of spacelike (resp. timelike, lightlike) points.
A surface f : Σ → M3 is called spacelike (resp. timelike), if Σ coincides with Σ+
(resp. Σ−). If both the spacelike sets Σ+ and the timelike sets Σ− are non-empty,
the surface is called a mixed type surface.
On a local coordinate neighborhood (U ;u, v), set fu := df(∂u), fv := df(∂u),
where ∂u := ∂/∂u, ∂v := ∂/∂v. Then, ds
2 is written as
(2.4) ds2 = E du2 + 2F du dv +Gdv2,
where E := 〈fu, fu〉, F := 〈fu, fv〉 and G := 〈fv, fv〉. Setting the function λ as
(2.5) λ := EG− F 2,
a point q ∈ U is a lightlike (resp. spacelike, timelike) point if and only if λ(q) = 0
(resp. λ(q) > 0, λ(q) < 0) holds. Namely, U± := Σ± ∩ U are written as
U+ = {q ∈ U ; λ(q) > 0}, U− = {q ∈ U ; λ(q) < 0}.
We call λ the discriminant function.
2.1. Non-degenerate lightlike points. Let f : Σ→M3 be a mixed type surface.
For each point p ∈ Σ, the subspace
Np :=
{
v ∈ TpΣ ; (ds2)p(v,x) = 0 holds for any x ∈ TpΣ
}
of TpΣ is called the null space at p. Then, Np 6= {0} if and only if p is a light-
like point. A nonzero element of Np is called a null vector at p. We remark that
dimNp = 2 does not occur since the image Q := dfp(Np) is a 2-dimensional degen-
erate subspace of the Lorentzian inner product space Tf(p)M
3. Thus, we have
(2.6) dimNp = 1
for each lightlike point p ∈ LD of a mixed type surface f : Σ → M3. Then, a
smooth vector field η defined on a neighborhood U of p ∈ LD is called a null vector
field if ηq ∈ TqΣ is a null vector at each q ∈ LD ∩ U .
As in the introduction, a lightlike point p ∈ LD is called non-degenerate if
dλ(p) 6= 0, where λ is a discriminant function. By the implicit function theorem,
there exists a regular curve γ(t) (|t| < ε) in Σ such that p = γ(0) and Image(γ) =
LD holds in a neighborhood of p. We call γ(t) a characteristic curve. For a null
vector field η defined on a neighborhood of p, the restriction η(t) := ηγ(t) ∈ Tγ(t)Σ
is called a null vector field along γ(t).
A lightlike point p ∈ LD is said to be a type-changing point if each open neigh-
borhood U of p satisfies U ∩ Σ+ 6= ∅ and U ∩Σ− 6= ∅.
Lemma 2.1. A non-degenerate lightlike point is a type-changing point.
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Proof. Since γ is regular, we can take a local coordinate system (U ;u, v) around p
such that LD = {(u, 0)}. Then, λ(u, 0) = 0 yields λu(u, 0) = 0. Since p = (0, 0) is
non-degenerate, we have λv(u, 0) 6= 0. Hence, changing the orientation of v-axis, if
necessary, U+ = {(u, v) ; v > 0}, U− = {(u, v) ; v < 0} hold. In particular, p is a
type-changing point. 
Thus, characteristic curves are also called characteristic curves of type change.
Definition 2.2. Let p ∈ Σ be a non-degenerate lightlike point, γ(t) (|t| < ε) a
characteristic curve passing through p = γ(0), and η(t) a null vector field along
γ(t). If γ′(0) and η(0) are linearly independent (resp. linearly dependent), we call
p the lightlike point of the first kind (resp. the lightlike point of the second kind).
1Moreover, let p ∈ LD be a lightlike point of the second kind. Then,
• p is said to be admissible if, for each open neighborhood U of p, the inter-
section LD ∩ U contains a lightlike point of the first kind.
• p is said to be an L∞-point if p is not admissible. That is, there exists an
open neighborhood U of p such that LD ∩ U consists of lightlike points of
the second kind.
In other words, p is admissible if there exists a sequence {pn} of lightlike points of
the first kind such that limn→∞ pn = p. And, p is an L∞-point if there exists ε¯ > 0
such that γ(t) and η(t) are linearly dependent for all |t| < ε¯. If we set
(2.7) δ(t) := det(γ′(t), η(t)),
then p = γ(0) is a lightlike point of the first kind if and only if δ(0) 6= 0. For k ≥ 3,
p is called an Lk-point if
δ(0) = · · · = δ(k−3)(0) = 0, δ(k−2)(0) 6= 0.
By definition, Lk-points are of the admissible second kind.
Remark 2.3. We remark that lightlike points of the first kind can be seen as
‘cuspidal-edge-like’. More precisely, a germ of wave front f : (R2, 0) → R3 is
locally diffeomorphic (or A-equivalent) to fCE : (R2, 0) → R3 is called a cuspidal
edge, where fCE(u, v) := (u, v
2, v3). A useful criterion for the cuspidal edge was
given in [21], which implies the linear independence of the ‘singular direction γ′(0)’
and the ’null direction η(0)’ (for more precise, see [21]). Hence, a lightlike point
of the first kind has a singularity type similar to the cuspidal edge. Similarly, an
L3-point has a singularity type similar to the swallowtail. On the other hand, a
germ of wave front f : (R2, 0) → R3 is called a conelike singularity if it is locally
diffeomorphic to fC : (R
2, 0) → R3 defined by fC(u, v) := (v cosu, v sinu, v). For
a conelike singular point, the singular direction γ′(t) and the null direction η(t)
are linearly dependent along the singular curve γ(t). Thus, an L∞-point has a
singularity type similar to the conelike singularity.
Set the regular curve γˆ(t) in M3 given by the image γˆ(t) := f(γ(t)) of the
characteristic curve γ(t) through f . We remark that p = γ(0) is of the first kind
(resp. second kind) if and only if γˆ′(0) is spacelike (resp. lightlike). If p is of the first
kind, then there exists ε¯ > 0 such that, for any t ∈ (−ε¯, ε¯), γ(t) is also a lightlike
point of the first kind. Since γ′(t) and η(t) are linearly independent for each t, we
have that
(2.8) γˆ(t) = f(γ(t)) (|t| < ε¯) is a spacelike regular curve in M3.
On the other hand, p is an L∞-point if and only if there exists ε¯ > 0 such that
(2.9) γˆ(t) = f(γ(t)) (|t| < ε¯) is a lightlike regular curve in M3.
1In the case of wave fronts, singular points of the first kind and the second kind were introduced
in [28].
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In our terminology, [16, Proposition 3.5] can be interpreted as follows.
Fact 2.4 ([16, Proposition 3.5], [45]). Let f : Σ→M3 be a mixed type surface, and
let p ∈ Σ be a non-degenerate lightlike point. If the mean curvature H is bounded
on a neighborhood of p, then p must be an L∞-point.
For the case of the Gaussian curvature, see Theorem B. As an immediate conse-
quence of this fact, the mean curvature H cannot be bounded near a lightlike point
of the first kind.
Example 2.5. We denote by R31 the Lorentz-Minkowski 3-space with the standard
Lorentz metric 〈x,x〉 = x2 + y2 − z2, where x = (x, y, z) ∈ R31. Let S2 be the unit
sphere in the Euclidean 3-spaceR3, that is, S2 := {(x, y, z) ∈ R3 ; x2+y2+z2 = 1}
(cf. Figure 2). If we regard S2 as a surface in R31, S
2 is a mixed type surface. Let
us take the parametrization of S2 as
(2.10) f(u, v) = (sinu cos v, cosu cos v, sin v) (u ∈ S1, |v| < pi/2),
where S1 := R/2piZ. Since the induced metric ds2 is written as
ds2 = (cos2 v) du2 + (− cos 2v) dv2,
we have λ = − cos2 v cos 2v. Hence, the lightlike point set is given by
LD = {(u, v) ; cos 2v = 0} = {(u, v) ; v = ±pi/4},
and every lightlike point of S2 is non-degenerate. Then, γ(u) = (u,±pi/4) is a
characteristic curve. Moreover, since G = 0 on γ, η := ∂v gives a null vector field.
Therefore, every lightlike point of S2 is of the first kind.
Figure 2. Regarding the unit sphere S2 as a surface in R31, both
the 45th parallel north and south consist of the lightlike points of
the first kind. The colored two domains are the set of spacelike
points and the other non-colored one is the set of timelike points.
In the rest of this section, we give a characterization of lightlike points of the
first kind.
Proposition 2.6. Let f : Σ→M3 be a mixed type surface and take a lightlike point
p ∈ LD. On a local coordinate neighborhood (U ;u, v) of p, let λ be the discriminant
function λ = EG − F 2. Take a null vector field η on a neighborhood of p ∈ LD.
Then, the following conditions are mutually equivalent:
(P1) p is a lightlike point of the first kind,
(P2) ηλ(p) 6= 0,
(P3) ηp 〈η, η〉 6= 0,
where we set 〈η, η〉 := ds2(η, η) = 〈ηf, ηf〉.
For the proof of this proposition, we prepare the following lemma:
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Lemma 2.7. The conditions (P2) and (P3) in Proposition 2.6 do not depend on
the choices of a null vector field η and a local coordinate neighborhood (U ;u, v) of
a lightlike point p ∈ LD.
Proof. Clearly, the condition (P2) is independent on the choice of η. Take coordi-
nate neighborhoods (U ;u, v), (V ;x, y) so that U ∩ V 6= ∅. Then
Eˆ = Eu2x + 2Fuxvx +Gv
2
x,(2.11)
Fˆ = Euxuy + F (uxvy + uyvx) +Gvxvy,(2.12)
Gˆ = Eu2y + 2Fuyvy +Gv
2
y(2.13)
hold, where we set ds2 = Edu2 + 2Fdu dv +Gdv2 = Eˆdx2 + 2Fˆ dx dy + Gˆdy2. Let
λ and λˆ be the discriminant functions, λ := EG−F 2, λˆ := EˆGˆ− Fˆ 2, respectively.
Then, by a direct calculation, we have λˆ = J2λ, where J := uxvy−uyvx. Hence, at
a lightlike point p ∈ LD, we have ηλˆ(p) = J(p)2ηλ(p), which implies the condition
(P2) does not depend on the choice of a local coordinate neighborhood (U ;u, v) of
p ∈ LD.
With respect to the condition (P3), let η, η¯ be smooth vector fields defined on a
neighborhood U of p such that ηp, η¯p ∈ Np. Then, there exist smooth functions a, b
and a smooth vector field ξ on U such that ξ, η are linearly independent, a(p) = 0,
b(p) 6= 0, and η¯ = a ξ + b η. Since
η¯ 〈η¯, η¯〉 = η¯(a2) 〈ξ, ξ〉+ a2η¯ 〈ξ, ξ〉
+ 2η¯(ab) 〈ξ, η〉+ 2abη¯ 〈ξ, η〉+ η¯(b2) 〈η, η〉+ b2η¯ 〈η, η〉 ,
we have η¯p 〈η¯, η¯〉 = b(p)3ηp 〈η, η〉 . Hence, the condition (P3) is independent on the
choice of η. 
Proof of Proposition 2.6. First, we prove that the condition (P1) is equivalent to
(P2). Since both the conditions (P1) and (P2) implies that the lightlike point p is
non-degenerate, we may assume that p is a non-degenerate lightlike point. Then,
(λu, λv) 6= (0, 0) holds at p. Let γ(t) = (u(t), v(t)) (|t| < ε) be a characteristic curve
passing through p = γ(0) and η = a(u, v)∂u + b(u, v)∂v a null vector field, where
a, b : U → R are smooth functions. Then λ(γ(t)) = 0 holds, and hence(
d
dt
λ(γ(t)) =
)
λ(γ(t))′ = λu(γ(t))u′(t) + λv(γ(t))v′(t) = 0
holds on γ(t). Thus γ′(t) = (u′(t), v′(t)) is perpendicular to (λu, λv) along γ(t) in
the sense of the standard Euclidean inner product of R2. On the other hand, p is
of the first kind if and only if det(γ′, η)(0) 6= 0. Thus p is a lightlike point of the
first kind if and only if η is not perpendicular to (λu, λv) at p, namely,
ηλ = aλu + bλv 6= 0
holds at p.
Next, we prove the condition (P2) is equivalent to (P3). By Lemma 2.7, we
may take a coordinate neighborhood (U ;u, v) of p such that ∂v is proportional to
η. Then, there exists a non-vanishing smooth function α(u, v) such that ∂v = αη.
Since ∂v is null at p, we have F (p) = G(p) = 0. We remark that E(p) > 0 holds
(cf. (2.6)). By a direct calculation, we have
ηλ(p) = α(p)2E(p)ηp 〈η, η〉 ,
which implies the desired result. 
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3. Invariants of lightlike points of the first kind
Let f : Σ→M3 be a mixed type surface. A function I : Σ→ R, or I : LD → R,
is called an invariant, that is, I does not depend on the choice of coordinate system
of the source. An invariant I : Σ → R, or I : LD → R, is intrinsic if it can
be locally represented by a C∞ function of E, F , G and their differential, where
ds2 = E du2 + 2F du dv +Gdv2, and (u, v) is a coordinate defined in terms of the
first fundamental form ds2. An invariant I : Σ→ R, or I : LD→ R, is extrinsic if
there exists a mixed type surface f˜ such that the first fundamental form of f˜ is the
same as f , but I does not coincide. In this section, we introduce several invariants
along the lightlike points of the first kind.
3.1. Frames along lightlike points of the first kind. Let f : Σ → M3 be a
surface and p ∈ Σ a lightlike point of the first kind. On a coordinate neighborhood
(U ;u, v) of p, set λ = EG − F 2 as a discriminant function (cf. (2.5)). Take a
characteristic curve γ(t) (|t| < ε) passing through p = γ(0), and a null vector field
η(t) along γ(t). If we take sufficiently small ε > 0, we may assume that γ(t) consists
of lightlike points of the first kind (cf. (2.8)). By (2.8),
(3.1) e(t) :=
1
|γˆ′(t)| γˆ
′(t)
is a spacelike tangent vector field of unit length. Put the vector field L(t) of M3
along γˆ(t) as L(t) := df(η(t)). Then, there exists a vector field N(t) of M3 along
γˆ(t) such that
(3.2) 〈N(t), e(t)〉 = 0, 〈N(t), N(t)〉 = 0, 〈N(t), L(t)〉 = 1.
We remark that such a vector field N(t) is uniquely determined by e(t) and L(t).
Lemma 3.1. There exists a null vector field η such that η 〈ηf, ηf〉 = 1 holds along
the characteristic curve. (We call such an η a normalized null vector field.)
Proof. By Proposition 2.6, η 〈ηf, ηf〉 does not vanish along the characteristic curve.
For any non-vanishing function α, η¯ := αη is also a null vector field. Differentiating
〈η¯f , η¯f〉 = α2 〈ηf, ηf〉, we have
(3.3) η¯ 〈η¯f , η¯f〉 = α η(α2) 〈ηf, ηf〉+ α3η 〈ηf, ηf〉 .
Setting α := (η 〈ηf, ηf〉)−1/3, we obtain η¯ 〈η¯f , η¯f〉 |LD = 1, that is, η¯ is the desired
null vector field. 
A characteristic curve γ(t) is said to be parametrized by arclength if |γˆ′(t)| = 1
holds. Then we have e(t) = γˆ′(t).
Definition 3.2. Let p ∈ LD a lightlike point of the first kind. Take a characteristic
curve γ(t) (|t| < ε) parametrized by arclength such that p = γ(0). Also let η be a
normalized null vector field near p. Set
κL(p) := 〈∇te(t), L(t)〉|t=0 ,(3.4)
κN(p) := 〈∇te(t), N(t)〉|t=0 ,(3.5)
κG(p) := 〈L(t),∇tN(t)〉|t=0 ,(3.6)
where ∇t := ∇d/dt. We call κL(p) the lightlike singular curvature (or L-singular
curvature), κN (p) the lightlike normal curvature (or L-normal curvature), and κG(p)
the lightlike geodesic torsion (or L-geodesic torsion) at p.
For a characteristic curve γ(t) which consists of lightlike points of the first kind,
we also describe the lightlike singular curvature κL(γ(t)) (resp. the lightlike normal
curvature κN (γ(t)), the lightlike geodesic torsion κG(γ(t))) along γ(t), as κL(t)
9
(resp. κN (t), κG(t)), unless otherwise noted. It can be easily seen that the defini-
tions of κL, κN and κG are independent of the choice of the arclength parameter
t. Similarly, they are independent of the choice of the normalized null vector field
η, which can be verified by the following.
Lemma 3.3. If both η and η¯ are normalized null vector field, then η|LD = η¯|LD
holds.
Proof. Let ξ be a non-zero smooth vector field such that ξ|LD is tangent to LD.
Then, there exist smooth functions α, β such that α 6= 0, β|LD = 0 and η¯ = αη+β ξ.
It suffices to show that α|LD = 1 holds. Since
η¯ 〈η¯f , η¯f〉 = α (η(α2) 〈ηf, ηf〉+ α2η 〈ηf, ηf〉+ 2βη(α 〈ηf, ξf〉)
+2η(β)α 〈ηf, ξf〉+ 2βη(β) 〈ξf , ξf〉+ β2η(〈ξf, ξf〉))+ β ξ(〈η¯f , η¯f〉)
holds, and evaluating this on LD, we have α|LD = 1. 
By a standard method, we have the following:
Lemma 3.4. Let γ(t) be the characteristic curve consisting of lightlike points of
the first kind with the arclength parameter t, and η a normalized null vector field.
Then, the frame F(t) := {e(t), L(t), N(t)} satisfies
∇tF(t) = F(t)

 0 −κL −κNκN −κG 0
κL 0 κG

 .
In the case that t is not necessarily an arclength parameter and η is not neces-
sarily a normalized null vector field, we have the following formula.
Lemma 3.5. Let γ(t) be the characteristic curve consisting of lightlike points of
the first kind, and η a null vector field. Then, κL(t), κN (t), κG(t) are written as
κL(t) =
1
|γˆ′(t)|2β(t) 13 〈∇tγˆ
′(t), L(t)〉 ,(3.7)
κN(t) =
β(t)
1
3
|γˆ′(t)|2 〈∇tγˆ
′(t), N(t)〉 ,(3.8)
κG(t) =
1
|γˆ′(t)|
(
〈L(t),∇tN(t)〉+ 1
3
(log |β(t)|)′
)
,(3.9)
respectively, where β(t) is a non-zero function defined by
β(t) := η 〈ηf, ηf〉|γ(t) .
Proof. As in Lemma 3.1, η¯ := β−1/3η is a normalized null vector field. Set L¯ :=
df(η¯), and set N¯ so that
〈
γˆ′, N¯
〉
=
〈
N¯ , N¯
〉
= 0,
〈
L¯, N¯
〉
= 1 (cf. (3.2)). Then,
L¯(t) = β(t)−1/3L(t), N¯(t) = β(t)1/3N(t) holds. Moreover, s :=
∫ t
0 |γˆ′(τ)| dτ gives
an arclength parameter of γ(t). Then,
κL =
〈
∇sdγˆ
(
d
ds
)
, L¯
〉
, κN =
〈
∇sdγˆ
(
d
ds
)
, N¯
〉 (
∇s := ∇ d
ds
)
,
implies (3.7) and (3.8), respectively. Moreover,
κG =
〈
L¯,∇sN¯
〉
=
ds
dt
〈
1
β
1
3
L,∇t
(
β
1
3N
)〉
=
1
ds/dt
〈
L,∇tN + (β
1
3 )′
β
1
3
N
〉
=
1
|γˆ′(t)|
(
〈L,∇tN〉+ (log |β 13 |)′
)
holds, and hence, we have (3.9). 
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Example 3.6. As we seen in Example 2.5, every lightlike point on the unit sphere
S2 is of the first kind. We here calculate their invariants κL, κN and κG us-
ing Lemma 3.5. Let f(u, v) be the parametrization of S2 given by (2.10). The
characteristic curve is given by γ(t) = (t,±pi/4), and its image γˆ(t) := f(γ(t))
is γˆ(t) = 1√
2
(sin t, cos t,±1). Since η = ∂v gives a null vector, L(t) := dfγ(t)(η) =
∓ 1√
2
(sin t, cos t,∓1) is a lightlike vector field along γˆ(t). Then, N(t) = ∓ 1√
2
(sin t, cos t,±1)
is a lightlike vector field along γˆ(t) satisfying (3.2). Applying Lemma 3.5, we have
κL(t) =
1
3
√
2
, κN (t) =
3
√
2, κG(t) = 0.
In particular, the unit sphere has positive lightlike singular curvature κL > 0 along
LD (cf. Corollary 5.7).
Let ∇ be the Levi-Civita connection ofM3 and e(t) the unit tangent vector field
of γˆ(t). We call
(3.10) R(t) = ∇e(t)e(t)
the curvature vector field of γˆ(t). To measure the causality of R(t), we set θ(t) :=
〈R(t), R(t)〉 . We call θ(t) the causal curvature function of γˆ(t). Since
R(t) =
1
|γˆ′|4
(
−〈γˆ′,∇tγˆ′〉 γˆ′ + |γˆ′|2∇tγˆ′
)
,
we have
θ(t) =
1
|γˆ′(t)|6
(
|γˆ′(t)|2 〈∇tγˆ′(t),∇tγˆ′(t)〉 − 〈γˆ′(t),∇tγˆ′(t)〉2
)
.
Corollary 3.7. The causal curvature function θ(t) satisfies θ(t) = 2κL(t)κN (t).
Proof. In the case that γˆ(t) is parametrized by arc length t, R(t) is written as
R(t) = ∇tγˆ′(t). By Lemma 3.4, R(t) = κL(t)N(t) + κN(t)L(t) holds. Substituting
this into θ(t) = 〈R(t), R(t)〉, we have θ(t) = 2κL(t)κN (t). 
3.2. Lightlike singular curvature is intrinsic. We here show that the L-singular
curvature κL(t) depends only on the first fundamental form ds
2, namely, κL(t) is
an intrinsic invariant. To give an expression of κL(t) on a coordinate neighborhood,
we introduce the following coordinate system.
Definition 3.8. Let p ∈ Σ be a lightlike point of the first kind. Then, a coordinate
system (U ;u, v) centered at p is called adapted if ∂v gives a null vector field and
the u-axis coincides with LD on U .
The existence of adapted coordinate systems can be proved easily. Adapted
coordinate systems can be determined intrinsically, namely, they are defined in
terms of the first fundamental form ds2. In fact, we can check that (u, v) is an
adapted coordinate system if and only if
(3.11) F (u, 0) = G(u, 0) = 0
holds, where ds2 = E du2 + 2F du dv + Gdv2. The following lemma implies that
the lightlike singular curvature κL is an intrinsic invariant.
Lemma 3.9. Let p ∈ Σ be a lightlike point of the first kind and take an adapted
coordinate system (U ;u, v). Then, we have
(3.12) κL(u) = − Ev(u, 0)
2E(u, 0) 3
√
Gv(u, 0)
.
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Proof. Since
〈∇ufu, fv〉 = 〈fu, fv〉u − 〈∇ufv, fu〉 = 〈fu, fv〉u −
1
2
〈fu, fu〉v ,
we have
(3.13) 〈∇ufu, fv〉 = Fu − 1
2
Ev.
As γ(u) = (u, 0) is a characteristic curve and η = ∂v is a null vector field, (3.7)
implies
κL(u) =
〈∇ufu, fv〉
〈fu, fu〉 3
√〈fv, fv〉v
∣∣∣∣∣
v=0
=
〈∇ufu, fv〉
E 3
√
Gv
∣∣∣∣
v=0
.
Since (3.11) yields Fu(u, 0) = 0, we have (3.12) by (3.13). 
3.3. Balancing curvature. Here, we introduce an invariant called the balancing
curvature κB (Definition 3.13) along the lightlike points of the first kind, which is
related to the behavior of the Gaussian curvature, as we shall see later in Section
5. To define the balancing curvature, we use a coordinate system which is specially
customized at lightlike points of the first kind.
Definition 3.10. Let p ∈ Σ be a lightlike point of the first kind. Then an adapted
coordinate neighborhood (U ;u, v) of p is called specially adapted if
E(u, 0) = 1, λv(u, 0) = 1
hold, where ds2 = E du2 + 2F du dv +Gdv2 and λ := EG− F 2.
We remark that, on an adapted coordinate neighborhood (U ;u, v) such that
E(u, 0) = 1, the condition λv(u, 0) = 1 is equivalent to Gv(u, 0) = 1 (cf. (3.16)).
Proposition 3.11. Let p ∈ Σ be a lightlike point of the first kind. Then there
exists a specially adapted coordinate system centered at p.
For the proof of Proposition 3.11, we prepare the following.
Lemma 3.12. For an adapted coordinate system (x, y) of a lightlike point p of the
first kind, a coordinate system (u, v) defined by v := y and
(3.14) u :=
∫ x
0
√
Eˆ(t, 0) dt
is an adapted coordinate system such that E(u, 0) = 1, where Eˆ := ds2(∂x, ∂x),
E := ds2(∂u, ∂u).
Proof. Since p is of the first kind, Eˆ > 0 on a neighborhood of p = (0, 0). Thus,
(3.14) is a coordinate change. We denote by x(u) the inverse function of (3.14).
Set gˆ0(x, y) := Eˆ(x, 0)
−1/2. Then, we have dx = gˆ0 du and hence
ds2 = Eˆdx2 + 2Fˆ dx dy + Gˆdy2
= Eˆ(gˆ0)
2du2 + 2Fˆ gˆ0du dv + Gˆdv
2
where Fˆ := ds2(∂x, ∂y), Gˆ := ds
2(∂y , ∂y). Since Eˆ(gˆ0)
2 = Eˆ(x, y)/Eˆ(x, 0) = 1 for
y = 0, we have that (u, v) is an adapted coordinate system such that E(u, 0) =
1. 
Proof of Proposition 3.11. Let (x, y) be an adapted coordinate system such that
Eˆ(x, 0) = 1, where ds2 = Eˆ dx2 + 2Fˆ dx dy + Gˆ dy2. Set (u, v) as
u := x, v :=
y
3
√
λˆy(x, 0)
,
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where λˆ := EˆGˆ − Fˆ 2. Setting E, F , G so that ds2 = E du2 + 2F du dv + Gdv2,
we may write Eˆ, Fˆ and Gˆ as (2.11), (2.12) and (2.13), respectively. Since ux = 1,
uy = 0,
(3.15) vx = − λˆxy(x, 0)
3 3
√
λˆy(x, 0)4
y, vy =
1
3
√
λˆy(x, 0)
,
we have E(u, 0) = 1, F (u, 0) = G(u, 0) = 0, namely, (u, v) is also an adapted
coordinate system such that E(u, 0) = 1. Thus, it suffices to show that λv(u, 0) = 1.
Differentiating λ = EG− F 2 with respect to v, we have
(3.16) λv(u, 0) = Gv(u, 0).
By (2.13), we have Gˆ = Gv2y . Taking ∂y = vy∂v into account, the partial derivative
of Gˆ = Gv2y with respect to y is given by Gˆy = Gvv
3
y+G(v
2
y)y. Hence, on the v-axis,
we have
(3.17) Gv(u, 0) =
1
vy(x, 0)3
Gˆy(x, 0).
By an argument similar to (3.16), λˆy(x, 0) = Gˆy(x, 0) holds. Hence, by (3.15) and
(3.17), we have λv(u, 0) = 1. 
By Lemma 3.9, on a specially adapted coordinate neighborhood (U ;u, v),
(3.18) κL(u) = −1
2
Ev(u, 0)
holds.
Now, we shall introduce an invariant called the balancing curvature along the
lightlike points of the first kind.
Definition 3.13. Let p ∈ Σ be a lightlike point of the first kind. For a specially
adapted coordinate neighborhood (U ;u, v) of p, we set
(3.19) κB(p) :=
(
−1
2
Evv + Fuv +
Ev
10
(
Gvv − 2 (Fv)2
))∣∣∣∣
u=v=0
.
We call κB(p) the balancing curvature at p = (0, 0), where ds
2 = E du2+2F du dv+
Gdv2.
Let γ(t) be a characteristic curve which consists of lightlike points of the first
kind. Then, we also describe the balancing curvature along γ(t), κB(γ(t)), as κB(t),
unless otherwise noted. Since the u-axis gives a characteristic curve, γ(u) = (u, 0),
on a specially adapted coordinate neighborhood (U ;u, v), we have
(3.20) κB(u) =
(
−1
2
Evv + Fuv +
Ev
10
(
Gvv − 2 (Fv)2
))∣∣∣∣
v=0
.
The definition of κB does not depend on a choice of specially adapted coordinate
systems (Proposition 3.15). To prove it, we prepare the following.
Lemma 3.14. Let (u, v) and (x, y) be specially adapted coordinate systems centered
at a lightlike point p of the first kind. Then, we have
xu(u, 0) = ±1, xv(u, 0) = yu(u, 0) = 0, yv(u, 0) = 1.
Proof. Let E, F , G, Eˆ, Fˆ , Gˆ be the functions defined as
(3.21) ds2 = E du2 + 2F du dv +Gdv2 = Eˆ dx2 + 2Fˆ dx dy + Gˆ dy2.
13
Then, we have
E = Eˆx2u + 2Fˆxuyu + Gˆy
2
u,(3.22)
F = Eˆxuxv + Fˆ (xuyv + yuxv) + Gˆyuyv,(3.23)
G = Eˆx2v + 2Fˆxvyv + Gˆy
2
v.(3.24)
The adaptedness of (u, v) and (x, y) yields y(u, 0) = 0, and hence yu(u, 0) = 0
holds. Since (u, v) is specially adapted, we have E(u, 0) = Gv(u, 0) = 1, F (u, 0) =
G(u, 0) = 0. Similarly, Eˆ(x, 0) = Gˆy(x, 0) = 1, Fˆ (x, 0) = Gˆ(x, 0) = 0 hold.
Hence, we have xu(u, 0)
2 = 1, xv(u, 0)
2 = 0, yv(u, 0)
3 = 1, which gives the desired
conclusion. 
Proposition 3.15. The definition of the balancing curvature κB does not depend
on a choice of specially adapted coordinate systems.
Proof. Let (u, v) and (x, y) be specially adapted coordinate systems centered at a
lightlike point p of the first kind. By (3.22), (3.23), (3.24), and Lemma 3.14, we
have
Ev(u, 0) = Eˆy(x, 0),
Evv(u, 0) = Eˆyy(x, 0) + Eˆy(x, 0)yvv(u, 0)± 2xuvv(u, 0),
Fv(u, 0) = ±(Fˆy(x, 0) + xvv(u, 0)),
Fuv(u, 0) = Fˆxy(x, 0)± xuvv(u, 0),
Gvv(u, 0) = Gˆyy(x, 0) + 4Fˆy(x, 0)xvv(u, 0) + 2xvv(u, 0)
2 + 5yvv(u, 0),
where the sign “±” corresponds to xu(u, 0) = ±1 in Lemma 3.14. Then, we can
check that
− 1
2
Evv(u, 0) + Fuv(u, 0) +
1
10
Ev(u, 0)
(
Gvv(u, 0)− 2Fv(u, 0)2
)
= −1
2
Eˆyy(x, 0) + Fˆxy(x, 0) +
1
10
Eˆy(x, 0)
(
Gˆyy(x, 0)− 2Fˆy(x, 0)2
)
,
which gives the desired result. 
For an adapted coordinate system, which is not necessarily special, we have the
following formula of the balancing curvature.
Proposition 3.16. Let p ∈ Σ be a lightlike point of the first kind and (U ;u, v)
an adapted coordinate neighborhood centered at p = (0, 0). Then, the balancing
curvature is written as
(3.25) κB(p) =
−1
2E2(Gv)
5
3
(
Gv (EEvv − 2EFuv + EuFv)
− 1
5
Ev
(
EGvv − 2(Fv)2
))
,
where the right hand side is evaluated at (0, 0).
Proof. Let (x, y) be a specially adapted coordinate system. Set Eˆ, Fˆ , Gˆ as (3.21).
The adaptedness of (u, v) and (x, y) yields v(x, 0) = 0, and hence
(3.26) vx(x, 0) = 0
14
holds. By (2.11), (2.12), (2.13), we have
ux(x, 0) = ± 1√
E(u, 0)
,(3.27)
uy(x, 0) = 0.(3.28)
By (3.26) and (3.28), we have
(3.29) (∂x)(x,0) = ux(x, 0)(∂u)(u,0), (∂y)(x,0) = vy(x, 0)(∂v)(u,0).
Taking the partial derivative of (2.13) with respect to y along the x-axis, we have
1 = Gv(u, 0)vy(x, 0)
3. Namely,
(3.30) vy(x, 0) =
1
3
√
Gv(u, 0)
holds. Taking the differentiation of the square of (3.27), ux(x, 0)
2 = 1/E(u, 0),
with respect to x, we have
(3.31) uxx(x, 0) = − Eu(u, 0)
2E(u, 0)2
,
where we used (3.29). Using (3.26), (3.27), (3.28), (3.30), we can check that
− 1
2
Eˆyy(x, 0) + Fˆxy(x, 0) +
1
10
Eˆy(x, 0)
(
Gˆyy(x, 0)− 2Fˆy(x, 0)2
)
=
−1
2E2G
5/3
v
(
Gv (EEvv − 2EFuv + EuFv) −1
5
Ev
(
EGvv − 2F 2v
))∣∣∣∣∣
(u,0)
,
which gives the desired result. 
4. Behavior of the invariants at lightlike points of the second kind
In this section, we study the behavior of the four invariants, κL, κN , κG, κB, at
lightlike points of the admissible second kind. We first consider κL and prove the
assertion (i) of Theorem A. Next, to calculate κN and κG, we prepare a formula of
the cross product at a lightlike point (Lemma 4.3). Then, we give a proof of the
assertion (ii) of Theorem A. Finally, we show a similar result about κG and κB in
Theorems 4.5 and Theorem 4.10.
4.1. Behavior of the lightlike singular curvature. We shall prove that the L-
singular curvature κL diverges to −∞ at a lightlike point of the admissible second
kind. We carry out the calculation on the following coordinate system:
Definition 4.1. Let p ∈ Σ be a lightlike point of the admissible second kind. A
local coordinate system (U ;u, v) centered at p such that the u-axis gives a charac-
teristic curve γ(u) = (u, 0) is said to be a characteristic coordinate system. Then,
there exists a smooth function ε(u) on the u-axis such that
(4.1) η(u) = ∂u + ε(u)∂v,
is a null vector field η(u) along γ(u) = (u, 0). The admissibility of p implies that
ε(0) = 0, ε(u) 6≡ 0. Namely,
(4.2) Zc := {(u, 0) ∈ U ; ε(u) 6= 0}
is not empty, and consists of lightlike points of the first kind.
Since L(u) = df(η(u)) = fu(u, 0) + ε(u)fv(u, 0) is a lightlike vector field along
γˆ(u) = f(u, 0), we have 〈L(u), fu(u, 0)〉 = 〈L(u), fv(u, 0)〉 = 0. That is,
(4.3) E(u, 0) = ε(u)2G(u, 0), F (u, 0) = −ε(u)G(u, 0) (G(u, 0) > 0).
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Lemma 4.2. On the u-axis,
〈∇ufu, fu〉 = ε
2
(2ε′G+ εGu)(4.4)
〈∇ufu, fv〉 = −1
2
Ev − ε′G− εGu(4.5)
hold. Moreover,
(4.6) λv(0, 0) = Ev(0, 0)G(0, 0)
holds. In particular, we have Ev(0, 0) 6= 0.
Proof. Since
〈∇ufu, fu〉|v=0 =
1
2
Eu =
1
2
(ε2G)u =
1
2
(2εε′G+ ε2Gu),
we have (4.4). Moreover, as in (3.13), we have 〈∇ufu, fv〉 = Fu − 12Ev. Hence,
〈∇ufu, fv〉|v=0 = −
1
2
Ev − ε′G− εGu
holds, which implies (4.5). With respect to (4.6), differentiating λ = EG− F 2, we
have
λv(u, 0) = (EvG+ EGv − 2FFv)|v=0
= EvG+ ε
2GGv + 2εGFv.
Since λ(u, 0) = 0, the non-degeneracy yields λv(0, 0) 6= 0, which implies (4.6). 
Proof of the assertion (i) of Theorem A. Let p be a lightlike point of the admissible
second kind. Take a characteristic coordinate system (U ;u, v) centered at p. Since p
is a lightlike point of the admissible second kind, there exists a sequence {pn}n∈N ⊂
Zc such that limn→∞ pn = p. We may write pn = (un, 0) (∈ Zc). By Lemma 3.5,
we have
κL(pn) =
〈∇ufu, ηf〉
〈fu, fu〉β(u)1/3
∣∣∣∣
(u,v)=(un,0)
,
where β(u) = η 〈ηf, ηf〉 |γ(u). Since
〈ηf, ηf〉 = 〈fu + εfv, fu + εfv〉 = E + 2εF + ε2G
holds and 〈ηf, ηf〉 is identically zero along the u-axis, we have
(4.7) β(u) = ε(u) (〈ηf, ηf〉v)|v=0 = ε(u) ρ(u),
where we set ρ(u) := Ev(u, 0) + 2ε(u)Fv(u, 0) + ε(u)
2Gv(u, 0). On the other hand,
Lemma 4.2 yields
〈∇ufu, ηf〉 = 〈∇ufu, fu〉+ ε 〈∇ufu, fv〉 = −ε
2
(εGu + Ev)
on Zc. Together with (4.3), we have
κL(pn) = −1
2
Ev + εGu
ε4/3Gρ(u)1/3
∣∣∣∣
(u,v)=(un,0)
.
Hence,
lim
n→∞
ε(un)
4/3κL(pn) = −Ev(0, 0)
2/3
2G(0, 0)
(< 0)
holds. Therefore, we have that κL(pn) diverges to −∞ as n→∞. 
16
4.2. Cross product. Let Q be a 2-dimensional degenerate subspace of TpM
3 (p ∈
M3). Denote by L(Q) the union of the set of lightlike vectors of Q and the zero-
vector 0 ∈ Q, which is a 1-dimensional degenerate subspace of Q.
Lemma 4.3. At a point p ∈ M3, take a non-zero spacelike tangent vector v ∈
TpM
3. Let w ∈ TpM3 be a lightlike tangent vector satisfying 〈v,w〉 = 0. Then,
either
v ×w = |v|w or v ×w = −|v|w
holds. Moreover, if Q is a 2-dimensional degenerate subspace of TpM
3, then we
have x× y ∈ L(Q) for each x, y ∈ Q.
Proof. Set a spacelike unit tangent vector e1 := |v|−1v. Take e2, e3 ∈ TpM3 so
that {e1, e2, e3} forms a positively oriented orthonormal basis for TpM3 (cf. (2.1)).
Set two lightlike vectors e+, e− ∈ TpM3 as
e+ := e2 − e3, e− := e2 + e3.
Since w ∈ TpM3 is a lightlike vector which is orthogonal to v, we have that w is
parallel to either e+ or e−. Hence, there exists a non-zero real number b ∈ R such
that either w = be+ or w = be− holds. By a straightforward calculation (cf. (2.2)),
v ×w = |v|w (resp. v ×w = −|v|w) holds if w = be+ (resp. w = be−).
On the other hand, take a non-zero spacelike tangent vector v ∈ Q and let w ∈ Q
be a lightlike tangent vector. Then, we have Q = Span(v,w), L(Q) = Span(w),
and 〈v,w〉 = 0. Since x and y are written as linear combinations of v and w, there
exists a square matrix A of order 2 such that (x,y) = (v,w)A holds. Then, we
have
x× y = (detA)v ×w = ±(detA)|v|w ∈ L(Q),
which proves the assertion. 
Let p ∈ Σ be a lightlike point of the admissible second kind. Take a characteris-
tic coordinate system (U ;u, v) centered at p. Since fv(u, 0) is a non-zero spacelike
vector field (cf. (4.1)) and L(u) = df(η(u)) is a lightlike vector field which is or-
thogonal to fv(u, 0), we may apply Lemma 4.3. Then, there exists σ = ±1 such
that
fv(u, 0)× L(u) = −σ
√
G(u, 0)L(u)
along the u-axis. Substituting L(u) = fu(u, 0) + ε(u)fv(u, 0) into this, we have
fu × fv = σ
√
G (fu + εfv) along the u-axis. Therefore, taking sufficiently small U ,
if necessary, there exists a smooth map ψ = ψ(u, v) such that
(4.8) fu × fv = σ
√
G (fu + εfv) + v ψ
holds on U .
Lemma 4.4. For (u, 0) ∈ Zc, we have
κN (u) =
ρ(u)1/3
ε(u)8/3G
(
−ε
′(u)
2
− Ev(Ev + 2ε
′(u)G)
4ρ(u)G
+ ε(u)ν1(u)
)
,(4.9)
κG(u) =
sgn(ε(u))
ε(u)2
√
G
(
−ε
′(u)
6
+
Ev(Ev + ε
′(u)G)
2ρ(u)G
+ ε(u)g1(u)
)
,(4.10)
where Ev = Ev(u, 0), G = G(u, 0), and
(4.11) ρ(u) := Ev(u, 0) + 2ε(u)Fv(u, 0) + ε(u)
2Gv(u, 0).
Proof. Let N(u) be the unique vector field N(u) of M3 along γˆ(u) := f(u, 0) such
that
(4.12) 〈N(u), γˆ′(u)〉 = 〈N(u), N(u)〉 = 0, 〈N(u), L(u)〉 = 1
holds on Zc (cf. (3.2)). First, we calculate N(u).
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Applying the division lemma2 to (4.3), there exists smooth functions E˜, F˜ such
that
E = ε2G+ v E˜, F = −εG+ v F˜
holds on a neighborhood of p = (0, 0). Differentiating this with respect to v, we
have
E˜(u, 0) = Ev(u, 0)− ε(u)2Gv(u, 0),(4.13)
F˜ (u, 0) = Fv(u, 0) + ε(u)Gv(u, 0).(4.14)
By (4.8), we have
v 〈fu, ψ〉 = −σ
√
G(E + εF )
= −σ
√
G{ε2G+ v E˜ + ε(−εG+ v F˜ )} = −σv
√
G(E˜ + εF˜ ).
Hence, 〈fu, ψ〉 = −σ
√
G(E˜ + εF˜ ) holds on U . Similarly, we have
〈fv, ψ〉 = −σ
√
GF˜ , 〈ψ, ψ〉 = (F˜ )2.
By (4.13) and (4.14), it follows that
〈fu, ψ〉 = −σ
√
G(Ev + εFv),(4.15)
〈fv, ψ〉 = −σ
√
G(Fv + εGv),(4.16)
〈ψ, ψ〉 = (Fv + εGv)2(4.17)
along the u-axis.
Put N(u) = c1(u)fu(u, 0) + c2(u)fv(u, 0) + c3(u)ψ(u, 0). Substituting this into
(4.12), we have
σ(Ev + εFv)c3 = ε
√
G(εc1 − c2), −c3σ
√
Gρ = 1
0 = G(εc1 − c2)2 − 2σ
√
G(c1(Ev + εFv) + c2(Fv + εGv))c3 + (Fv + εGv)
2(c3)
2,
where we used (4.15), (4.16) and (4.17). Solving this, we obtain
(4.18) N(u) = − 1
2ε2G
fu +
Ev − ε2Gv
2ερG
fv − 1
σρ
√
G
ψ,
where the right hand side is evaluated on Zc and ρ(u) is the smooth function on
the u-axis defined by (4.11).
By Lemma 3.5, we have
κN (u) =
β(u)1/3
|fu(u, 0)|2 〈∇ufu(u, 0), N(u)〉 ,
where β(u) = η 〈ηf, ηf〉 |γ(u) = ε(u) ρ(u) (cf. (4.7)), and ρ(u) is the function defined
by (4.11). By (4.18) and Lemma 4.2, we have
ε(u) 〈∇ufu(u, 0), N(u)〉 = −
(
2ε′G+ εGu
4G
+ ε
〈∇ufu, ψ〉
σρ
√
G
+
(Ev − ε2Gv)(Ev + 2ε′G+ 2εGu)
4ρG
)∣∣∣∣
v=0
= −ε
′(u)
2
− Ev(Ev + 2ε
′(u)G)
4ρ(u)G
+ ε(u)ν1(u),(4.19)
where Ev = Ev(u, 0), G = G(u, 0), and ν1(u) is a smooth function defined on the
u-axis. By (4.3),
(4.20) |fu(u, 0)|2 = E(u, 0) = ε(u)2G(u, 0)
2For example, see [44, Appendix A].
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holds. Thus, we have
ε(u)8/3κN (u) =
ρ(u)1/3
G(u, 0)
(
−ε
′(u)
2
− Ev(Ev + 2ε
′(u)G)
4ρ(u)G
+ ε(u)ν1(u)
)
,
which implies (4.9).
With respect to κG, we have
κG(u) =
1
|γˆ′(u)|
(
〈L(u),∇uN(u)〉+ β
′(u)
3β(u)
)
,
by Lemma 3.5. Since ∇uL(u) = ∇ufu + ε′ fv + ε∇ufv holds along the u-axis, we
have
(4.21) 〈∇uL(u), N(u)〉 = 〈∇ufu(u, 0), N(u)〉
+ ε′(u) 〈fv(u, 0), N(u)〉+ ε(u) 〈∇ufv(u, 0), N(u)〉 .
By (4.12), we obtain
(4.22) ε(u) 〈fv(u, 0), N(u)〉 = 1.
Now, by (4.18) and Lemma 4.2
ε(u)2 〈∇ufv(u, 0), N(u)〉 =
(
−Ev
4G
+ ε
Gu(Ev − ε2Gv)− 4σ
√
G 〈∇ufv, ψ〉
4ρG
)∣∣∣∣∣
v=0
= −Ev(u, 0)
4G(u, 0)
− ε(u)ν2(u)(4.23)
holds, where ν2(u) is a smooth function defined on the u-axis. Using
〈L(u),∇uN(u)〉 = −〈∇uL(u), N(u)〉 ,
and substituting (4.19), (4.22), (4.23) into (4.21), we have
ε(u) 〈L(u),∇uN(u)〉 = −ε
′(u)
2
+
Ev(Ev + ρ(u) + 2ε
′(u)G)
4ρ(u)G
+ ε(u)(ν2(u)− ν1(u)).
Since
ε(u)
β′(u)
β(u)
= ε′(u) + ε(u)
ρ′(u)
ρ(u)
,
and ρ(u) = Ev + ε(2Fv + εGv), we have
ε|ε|κG(u) = 1√
G
(
−ε
′(u)
6
+
Ev(Ev + ε
′(u)G)
2ρ(u)G
+ ε(u)g1(u)
)
,
where g1(u) is a smooth function defined on the u-axis. 
Proof of the assertion (ii) of Theorem A. As in the proof of the assertion (i) of The-
orem A, take a characteristic coordinate system (U ;u, v) centered at p, and a se-
quence {pn}n∈N ⊂ Zc such that limn→∞ pn = p. We may write pn = (un, 0) (∈ Zc).
By Lemma 4.4, we have ε(u)8/3κN (u) = rN (u), where we set
rN (u) :=
ρ(u)1/3
G
(
−ε
′(u)
2
− Ev(Ev + 2ε
′(u)G)
4ρ(u)G
+ ε(u)ν1(u)
)∣∣∣∣
v=0
.
Since ε(0) = 0 and ρ(0) = Ev(0, 0) by (4.11), it holds that
rN (0) = −Ev(0, 0)
4/3
4G(0, 0)2
− ε′(0)Ev(0, 0)
1/3
G(0, 0)
.
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First, assume that p is not an L3-point. Then, ε
′(0) = 0 holds. Since un converges
to 0 as n→∞, we have
lim
n→∞
ε(un)
8/3κN (pn) = rN (0) = −Ev(0, 0)
4/3
4G(0, 0)2
.
Hence, κN (pn) diverges to −∞ as n → ∞. Next, let us assume that p is an L3-
point. Since ε(0) = 0 and ε′(0) 6= 0 hold, there exist a smooth function ε0(u) such
that ε(u) = u ε0(u) (ε0(0) 6= 0) holds. On the other hand, since rN (u) is a smooth
function on the u-axis, there exist an integer k ∈ Z and a smooth function ν0(u)
such that rN (u) = u
kν0(u) holds. Then, on Z
c, we have
κN (un) = u
k− 8
3
ν0(un)
3
√
ε0(un)8
.
Since k− 83 is not an integer, κN (un) tends to 0 or diverges as n→∞, which gives
the desired result. 
Similarly, we have the following result for the lightlike geodesic torsion κG.
Theorem 4.5. Let f : Σ→M3 be a mixed type surface in an oriented Lorentzian
3-manifold M3 and p ∈ Σ a lightlike point of the admissible second kind. If p is not
an L3-point, then the lightlike geodesic torsion κG is unbounded at p.
Proof. Take a characteristic coordinate system (U ;u, v) centered at p, and a se-
quence {pn}n∈N ⊂ Zc such that limn→∞ pn = p. We may write pn = (un, 0) (∈ Zc).
By Lemma 4.4, we have ε(u)|ε(u)|κG(u) = rG(u), where we set
rG(u) :=
1√
G
(
−ε
′(u)
6
+
Ev(Ev + ε
′(u)G)
2ρ(u)G
+ ε(u)g1(u)
)∣∣∣∣
v=0
.
Since
rG(0) =
1√
G(0, 0)
(
Ev(0, 0)
2G(0, 0)
+
1
3
ε′(0)
)
,
if p is not an L3-point, namely, if ε
′(0) = 0, then
lim
n→∞
ε(un)|ε(un)|κG(pn) = Ev(0, 0)
2G(0, 0)3/2
(6= 0),
which gives the desired result. 
As a corollary of Theorem A, we have the following.
Corollary 4.6. Let p ∈ Σ be a lightlike point of the second kind, and let γ(t)
(|t| < ε) be a characteristic curve passing through p = γ(0). Assume that p is not
an L3-point, and γ(t) is of the first kind for each t 6= 0. Then, the curvature vector
field R(t) (cf. (3.10)) of γˆ(t) = f ◦ γ(t) is spacelike for sufficiently small t 6= 0.
Proof. Let θ(t) be the causal curvature function θ(t) := 〈R(t), R(t)〉. Corollary 3.7
yields θ(t) = 2κL(t)κN (t). Together with Theorem A, we have that θ(t) diverges
to +∞ at 0. Hence, θ(t) > 0 for sufficiently small t 6= 0. 
4.3. Behavior of the balancing curvature. Finally, we investigate the behavior
of the balancing curvature κB at a lightlike point of the admissible second kind.
Let p ∈ Σ be a lightlike point of the admissible second kind. Take a characteristic
coordinate system (U ;u, v) centered at p. The set Zc defined by (4.2) consists of
lightlike points of the first kind. Fix a point p0 = (u0, 0) ∈ Zc such that |u0| is
sufficiently small. Since ε(u0) > 0,
(4.24) x := u− 1
ε(u)
v, y := v
defines a new coordinate on a neighborhood of p0.
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Lemma 4.7. The coordinates (x, y) given in (4.24) is an adapted coordinate system
(cf. Definition 3.8). Moreover, for a smooth function h = h(u, v), we have
hy(u, 0) =
1
ε
hu + hv(4.25)
hxy(u, 0) = − ε
′
ε2
hu +
1
ε
huu + huv(4.26)
hyy(u, 0) = −2ε
′
ε3
hu +
1
ε2
huu +
2
ε
huv + hvv,(4.27)
where the right hand sides are evaluated on Zc.
Proof. We set
(4.28) ∆ := 1 +
ε′
ε2
v.
Since xu = ∆, xv = −1/ε, yu = 0, yv = 1, we have
ux(u, v) =
1
∆
, uy(u, v) =
1
ε∆
, vx(u, v) = 0, vy(u, v) = 1,
and hence, ∂x = (1/∆)∂u, ∂y = (1/ε∆)∂u + ∂v holds. On the u-axis
∂x = ∂u, ∂y =
1
ε
∂u + ∂v
holds. Thus, we have that the x-axis is the singular set, and ∂y is in the null
direction on the the singular set, in particular, (x, y) is an adapted coordinate
system. By a direct calculation, we have the formulas (4.25), (4.26) and (4.27). 
Let Eˆ, Fˆ , Gˆ be the functions such that ds2 = Eˆdx2 + 2Fˆ dx dy + Gˆdy2. By
Proposition 3.16, the balancing curvature κB(u) is written as
(4.29) κB(u) =
−1
2Eˆ2(Gˆy)
5
3
(
A1 − 1
5
A2
)
for each (u, 0) ∈ Zc, where we set
A1(u) := Gˆy
(
EˆEˆyy − 2EˆFˆxy + EˆxFˆy
)
,(4.30)
A2(u) := Eˆy
(
EˆGˆyy − 2(Fˆy)2
)
.(4.31)
Lemma 4.8. Put b0(u) := ε
′(u)G(u, 0)− Ev(u, 0). Then, we have
Eˆ(u, 0) = ε2G, Eˆx(u, 0) = ε
2Gu + 2εε
′G,(4.32)
Eˆy(u, 0) = Eu + εGu, Fˆy(u, 0) =
1
ε
(−b0(u) + εFv) .(4.33)
Moreover, there exist smooth functions τi(u) on the u-axis (i = 1, 2, 3, 4), such that
Eˆyy(u, 0) =
1
ε2
(4ε′b0(u) + ετ1(u)) ,(4.34)
Fˆxy(u, 0) =
1
ε2
(ε′b0(u) + ετ2(u)) ,(4.35)
Gˆy(u, 0) =
1
ε2
(Ev + ετ3(u)) ,(4.36)
Gˆyy(u, 0) =
1
ε4
(2ε′(ε′G− 4Ev) + ετ4(u))(4.37)
holds.
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Proof. By a direct calculation using Lemma 4.7, we have
∆y(u, 0) =
ε′
ε2
, ∆yy(u, 0) = 2
ε′ε′′ − 2(ε′)2
ε4
,
εy(u, 0) =
ε′
ε
, εyy(u, 0) = 2
ε′ε′′ − 2(ε′)2
ε3
,
Ey(u, 0) = Ev + 2ε
′G+ εGu, Fy(u, 0) = −ε
′
ε
G−Gu + Fv,
Gy(u, 0) =
1
ε
Gu +Gv, Gyy(u, 0) = −2ε
′
ε3
Gu +
1
ε2
Guu +
2
ε
Guv +Gvv,
where we used (4.3). Moreover, since
Eyy(u, 0) = −2ε
′
ε3
Eu +
1
ε2
Euu +
2
ε
Euv + Evv
=
1
ε2
(2(εε′′ + (ε′)2)G+ 4εε′Gu + ε2Guu)
− 2ε
′
ε2
(2ε′G+ εGu) +
2
ε
Euv + Evv,
there exists a smooth function q1(u) defined on the u-axis such that
Eyy(u, 0) =
1
ε2
(−2(ε′)2G+ εq1(u))
holds. Similarly, there exists a smooth function q2(u) defined on the u-axis such
that
Fyy(u, 0) =
1
ε3
(2(ε′)2G+ εq2(u)).
By (2.11), (2.12), (2.13), we have
Eˆ(u, v) =
1
∆2
E, Fˆ (u, v) =
1
∆
(
1
ε∆
E + F
)
, Gˆ(u, v) =
1
ε2∆2
E +
2
ε∆
F +G.
Since Eˆ(u, 0) = E(u, 0), and Eˆx(u, 0) = Eu(u, 0), we have (4.32). Next we consider
Eˆy and Fˆy . Substituting the above ∆y, εy, Ey , Fy into
Eˆy = −2∆y
∆3
E +
1
∆2
Ey,
Fˆy = −εy∆+ 2ε∆y
ε2∆3
E +
1
ε∆2
Ey − ∆y
∆2
F +
1
∆
Fy,
we have (4.33). With respect to Eˆyy, substituting the above ∆y, ∆yy, Ey, Eyy into
Eˆyy = −2
∆∆yy − 3∆2y
∆4
E − 4∆y
∆2
Ey +
1
∆2
Eyy,
we have
Eˆyy(u, 0) =
1
ε2
(4ε′(ε′G− Ev) + ε(q1 − 4ε′′G− 4ε′Gu)) .
Thus, setting τ1(u) := q1(u) − 4ε′′(u)G(u, 0) − 4ε′(u)Gu(u, 0), (4.34) holds. By a
similar calculation, we have (4.35), (4.36) and (4.37). 
Lemma 4.9. For (u, 0) ∈ Zc, we have
(4.38) κB(u) = − ε(u)
−8/3
5G2(Ev + ετ3)5/3
(
(Ev)
2(2ε′(u)G+ Ev) + ε(u)τ0(u)
)
,
where τi(u) (i = 0, 3) are smooth functions on the u-axis, and Ev = Ev(u, 0),
G = G(u, 0).
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Proof. By Lemma 4.8, we have
ε(u)2
(
A1(u)− 1
5
A2(u)
)
=
2
5
(
(Ev)
2(2ε′(u)G+ Ev) + ε(u)τ0(u)
)
,
where Ai(u) (i = 1, 2) are the functions defined by (4.30), (4.31), and τ0(u) is a
smooth function defined on the u-axis. Moreover, by Lemma 4.8,
ε(u)−2/3Eˆ2Gˆ5/3y = G
2(Ev + ε(u)τ3(u))
5/3
holds along the u-axis, where τ3(u) is a smooth function as in Lemma 4.8. Substi-
tuting these identities into (4.29), we have (4.38). 
Theorem 4.10. Let f : Σ→M3 be a mixed type surface in an oriented Lorentzian
3-manifold M3 and p ∈ Σ a lightlike point of the admissible second kind. Then, the
balancing curvature κB converges to 0 or diverges to ±∞ at p. In particular, if p
is not an L3-point, then κB tends to −∞ at p.
Proof. As in the proof of Theorem A, take a characteristic coordinate system
(U ;u, v) centered at p, and a sequence {pn}n∈N ⊂ Zc such that limn→∞ pn = p.
We may write pn = (un, 0) (∈ Zc). By Lemma 4.4, we have ε(u)8/3κB(u) = rB(u),
where we set
rB(u) := − 1
5G2(Ev + ετ3)5/3
(
(Ev)
2(2ε′(u)G+ Ev) + ε(u)τ0(u)
)∣∣∣∣
v=0
.
Since ε(0) = 0, it holds that
rB(0) = −Ev(0, 0)
4/3
5G(0, 0)2
− ε′(0)2Ev(0, 0)
1/3
5G(0, 0)
.
First, assume that p is not an L3-point. Then, ε
′(0) = 0 holds. Since un converges
to 0 as n→∞, we have
lim
n→∞
ε(un)
8/3κB(pn) = rB(0) = −Ev(0, 0)
4/3
5G(0, 0)2
.
Hence, κB(pn) diverges to −∞ as n → ∞. Next, let us assume that p is an L3-
point. Since ε(0) = 0 and ε′(0) 6= 0 hold, there exist a smooth function ε0(u) such
that ε(u) = u ε0(u) (ε0(0) 6= 0) holds. On the other hand, since rB(u) is a smooth
function on the u-axis, there exist an integer k ∈ Z and a smooth function µ0(u)
such that rB(u) = u
kµ0(u) holds. Then, on Z
c, we have
κB(un) = u
k− 8
3
µ0(un)
3
√
ε0(un)8
.
Since k− 83 is not an integer, κB(un) tends to 0 or diverges as n→∞, which gives
the desired result. 
5. Behavior of Gaussian curvature
In this section, we study the behavior of the Gaussian curvature K at non-
degenerate lightlike points. After calculating K at a lightlike point of the first kind
(Proposition 5.5), we give a characterization of the boundedness of K in terms
of the invariants κL, κN and κB in Theorem 5.6. Then, we show a relationship
between κL and the shape of the surface (Corollary 5.7), and prove Theorem B and
Corollary C.
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5.1. The lightlike normal curvature on a coordinate neighborhood. We
have discussed a property of the cross product at lightlike points in Lemma 4.3.
Then we have the following.
Lemma 5.1. Let f : Σ → M3 be a mixed type surface and p a non-degenerate
lightlike point. Take a coordinate neighborhood (V ;u, v) of p such that ∂v gives a
null vector field. Then, there exist an open neighborhood U ⊂ V of p, and a smooth
vector field ψ of M3 along f defined on U such that either
fu × fv =
√
Efv + λψ or fu × fv = −
√
Efv + λψ
holds on U , where ds2 = E du2 + 2F du dv +Gdv2 and λ := EG− F 2.
Proof. For each q ∈ LD ∩ V , we have that fu(q) ∈ Tf(q)M3 is a spacelike vector
and fv(q) ∈ Tf(q)M3 is a lightlike vector such that 〈fu(q), fv(q)〉 = 0. Then, by
Lemma 4.3, either
fu(q)× fv(q) =
√
E(q) fv(q) or fu(q)× fv(q) = −
√
E(q) fv(q)
holds. Since q ∈ LD ∩ V is chosen arbitrarily, we may assume that either
fu × fv −
√
E fv = 0 or fu × fv +
√
E fv = 0
holds on LD ∩ V , without loss of generality. Since dλ 6= 0, the division lemma (cf.
[44, Appendix A]) implies that there exist an open neighborhood U ⊂ V of p, and
a smooth vector field ψ of M3 along f defined on U such that either
fu × fv −
√
E fv = λψ or fu × fv +
√
E fv = λψ
holds on U . Thus, we have the desired result. 
Definition 5.2. Let p be a non-degenerate lightlike point. A coordinate neighbor-
hood (U ;u, v) of p is called admissible if there exists a smooth vector field ψ of M3
along f defined on U such that
(5.1) fu × fv = σ
√
Efv + λψ
holds on U , where σ = ±1.
Remark 5.3. According to Lemma 4.3, it holds that, if (U ;u, v) is admissible, then
∂v gives a null vector field on U . Hence, together with Lemma 5.1, we may identify
an admissible coordinate system with a coordinate system such that ∂v is a null
vector field, on a sufficiently small neighborhood of a non-degenerate lightlike point.
In particular, admissible coordinate systems can be determined intrinsically.
In the case that p is of the first kind, any adapted (or specially adapted) coordi-
nate system (U ;u, v) centered at p satisfies that ∂v is a null vector field. Therefore,
taking a smaller neighborhood if necessary, we may assume that any adapted (or
specially adapted) coordinate system is admissible.
The L-normal curvature κN can be expressed using the map ψ. Set functions
φij (i, j = 1, 2) as
(5.2) φ11 := 〈∇ufu, ψ〉 , φ12 := 〈∇ufv, ψ〉 = 〈∇vfu, ψ〉 , φ22 := 〈∇vfv, ψ〉 .
Lemma 5.4. On a specially adapted coordinate system (U ;u, v) centered at a light-
like point p of the first kind, the L-normal curvature κN (u) along the u-axis is given
by
(5.3) κN (u) = −σ φ11(u, 0).
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Proof. Since (u, v) is adapted, γ(u) := (u, 0) is a characteristic curve and η := ∂v
is a null vector field. Put γˆ(u) := (f ◦ γ)(u) = f(u, 0). Since 〈γˆ′(u), γˆ′(u)〉 =
E(u, 0) = 1, the characteristic curve γ(u) is parametrized by arclength, where
ds2 = E du2 + 2F du dv +Gdv2. Moreover, since
1 = Gv = ∂v 〈fv, fv〉 = η 〈ηf, ηf〉
holds along the u-axis, η = ∂v is a normalized null vector field. Then, the L-normal
curvature κN(u) is given by
(5.4) κN (u) = 〈∇ufu(u, 0), N(u)〉 ,
where N(u) is a vector field along γˆ(u) satisfying (3.2).
Since F (u, 0) = G(u, 0) = 0, there exist smooth functions Fˆ , Gˆ on a neighbor-
hood of p such that
F = v Fˆ , G = v Gˆ
holds. Then, on the u-axis, we have
(5.5) Fˆ (u, 0) = Fv(u, 0), Gˆ(u, 0) = 1,
where we used Gv(u, 0) = 1. Using 〈fu × fv, fu × fv〉 = −EG+ F 2, we have
〈fu, ψ〉 = −σ
√
EF
λ
, 〈fv, ψ〉 = −σ
√
EG
λ
, 〈ψ, ψ〉 = F
2
λ2
on {(u, v) ∈ U ; v 6= 0}. Since
(5.6) λ = EG− F 2 = v(EGˆ− vFˆ 2),
it follows that
〈fu, ψ〉 = −σ
√
EFˆ
EGˆ− vFˆ 2 , 〈fv, ψ〉 =
−σ√EGˆ
EGˆ− vFˆ 2 ,
〈ψ, ψ〉 = Fˆ
2
(EGˆ − vFˆ 2)2
on U , by the continuity. In particular, by (5.5),
(5.7) 〈fu, ψ〉 = −σFv, 〈fv, ψ〉 = −σ, 〈ψ, ψ〉 = F 2v
holds on the u-axis. Then,
N(u) := −σψ(u, 0)− Fv(u, 0)fu(u, 0)
satisfies (3.2), where we used (5.7). Substituting N(u) into (5.4), we have (5.3).
Here, we used 〈fu(u, 0),∇ufu(u, 0)〉 = Eu(u, 0)/2 = 0. 
5.2. Boundedness of Gaussian curvature. We here calculate the Gaussian cur-
vature near non-degenerate lightlike points.
Let f : Σ → M3 be a mixed type surface. Take a coordinate neighborhood
(U ;u, v). Since 〈fu × fv, fu × fv〉 = −EG+ F 2 = −λ, we have that
ν :=
fu × fv√|λ|
gives a unit normal vector field along f on the non-lightlike point set U+ ∪ U−,
where we denote by U+ (resp. U+) the set of spacelike (resp. timelike) points on U .
We set the smooth functions h11, h12 and h22 on U+ ∪ U− as
h11 := 〈∇ufu, ν〉 , h12 := 〈∇ufv, ν〉 = 〈∇vfu, ν〉 , h22 := 〈∇vfv, ν〉 ,
where ∇ is the Levi-Civita connection of (M3, g¯) and ∇u := ∇∂u , ∇v := ∇∂v .
Then, the second fundamental form II of f is given by
(5.8) II = h11 du
2 + 2h12 du dv + h22 dv
2.
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The extrinsic curvature function Kext and the mean curvature function H are writ-
ten as
Kext :=
h11h22 − (h12)2
λ
, H :=
Eh22 − 2Fh12 +Gh11
2λ
on U+∪U−. Let K be the Gaussian curvature function of ds2 defined on Σ+ ∪Σ−.
Set a smooth function cg¯ on Σ+ ∪Σ− as
(5.9) cg¯(p) := Kg¯(TpΣ) (p ∈ Σ+ ∪ Σ−) ,
where Kg¯ is the sectional curvature of the Lorentzian manifold (M
3, g¯). Then, by
the Gauss equation, K is given by
K =
{
−Kext + cg¯ on Σ+,
Kext + cg¯ on Σ−.
Hence, on U+ ∪ U−, the Gaussian curvature K is written as
(5.10) K =
−h11h22 + (h12)2
|λ| + cg¯.
Let p ∈ LD be a non-degenerate lightlike point. On an admissible coordinate
system (U ;u, v) centered at p, there exists a smooth vector field ψ of M3 along f
defined on U such that fu × fv = σ
√
Efv + λψ, where σ = ±1.
Let U+ (resp. U−) be the set of spacelike points (resp. timelike points) on U .
Since ν = (fu × fv)/
√|λ| is a unit normal vector field on U+ ∪ U−, we have
ν =
1√|λ|
(
σ
√
Efv + λψ
)
.
Hence, the second fundamental form II defined on on U+ ∪ U− is written as II =
h11 du
2 + 2h12 du dv + h22 dv
2, where
h11 = 〈∇ufu, ν〉 = 1√|λ|
(
σ
√
E 〈∇ufu, fv〉+ λφ11
)
,
h12 = 〈∇ufv, ν〉 = 1√|λ|
(
σ
√
E 〈∇ufv, fv〉+ λφ12
)
,
h22 = 〈∇vfv, ν〉 = 1√|λ|
(
σ
√
E 〈∇vfv, fv〉+ λφ22
)
,
where φij (i, j = 1, 2) are given by (5.2). We set smooth functions hˆij (i, j = 1, 2)
as hˆij :=
√|λ|hij . By
〈∇ufv, fv〉 = 1
2
Gu, 〈∇vfv, fv〉 = 1
2
Gv
and (3.13), it follows that
hˆ11
(
:=
√
|λ|h11
)
= σ
√
E
(
Fu − Ev
2
)
+ λφ11,
hˆ12
(
:=
√
|λ|h12
)
= σ
√
EGu
2
+ λφ12,
hˆ22
(
:=
√
|λ|h22
)
= σ
√
EGv
2
+ λφ22.
(5.11)
As in (5.10), the Gaussian curvature K is given by
K =
−h11h22 + (h12)2
|λ| + cg¯ =
1
λ2
(
−hˆ11hˆ22 + (hˆ12)2 + λ2cg¯
)
on U+ ∪ U−, where cg¯ is a smooth function on U+ ∪ U− defined as (5.9). Hence
(5.12) Kˆ := λ2K = −hˆ11hˆ22 + (hˆ12)2 + λ2cg¯
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is a smooth function on U . By (5.11), Kˆ is written as
(5.13) Kˆ =
E
4
(
G2u +Gv(Ev − 2Fu)
)
+
σ
2
λ
√
E (−Gvφ11 + 2Guφ12 + (Ev − 2Fu)φ22)
+ λ2((φ12)
2 − φ11φ22 + cg¯).
Proposition 5.5. Let f : Σ→M3 be a mixed type surface and p ∈ LD a lightlike
point of the first kind. Take a specially adapted coordinate neighborhood (U ;u, v)
of p = (0, 0). Let λ be the discriminant function λ := EG − F 2 on (U ;u, v), and
K be the Gaussian curvature on U \LD. Then, Kˆ := λ2K is smoothly extended to
U , and expressed as
(5.14) Kˆ(u, v) = −1
2
κL(u) +
1
2
v (κN (u)− κB(u) + κL(u)ϕ(u)) + v2Kˆ0(u, v),
where Kˆ0(u, v) (resp. ϕ(u)) is a smooth function defined on a neighborhood of p =
(0, 0) (resp. 0).
Proof. By (5.12), Kˆ is a smooth function on U . Using (5.13), we shall prove (5.14).
As we have seen in the proof of Lemma 5.4, the u-axis γ(u) := (u, 0) gives a
characteristic curve, and η := ∂v is a null vector field. Since
E(u, 0) = 1, F (u, 0) = G(u, 0) = 0,
there exist smooth functions Eˆ, Fˆ , Gˆ on a neighborhood of p such that
E(u, v) = 1 + v Eˆ(u, v), F (u, v) = v Fˆ (u, v), G(u, v) = v Gˆ(u, v)
holds. Then λ = EG− F 2 is expressed as (cf. (5.6))
(5.15) λ = v λˆ (λˆ := EGˆ− vFˆ 2).
By (3.18), we have Eˆ(u, 0) = −2κL(u). Hence, there exists a smooth function Eˇ
on a neighborhood of p such that
Eˆ(u, v) = −2κL(u) + v Eˇ(u, v)
holds. Namely, it holds that
(5.16) E(u, v) = 1− 2v κL(u) + v2Eˇ(u, v).
Similarly, by (5.5), there exist smooth functions Fˇ , Gˇ on a neighborhood of p such
that
(5.17) F (u, v) = v Fv(u, 0) + v
2Fˇ (u, v), G(u, v) = v + v2Gˇ(u, v)
holds.
Differentiating (5.16), Eˇ(u, 0) = Evv(u, 0)/2 holds. Hence, by (3.20), we have
Eˇ(u, 0) = −κB(u) + Fuv(u, 0)− 1
5
κL(u)
(
Gvv(u, 0)− 2Fv(u, 0)2
)
.
Then, there exists a smooth function E˜ on a neighborhood of p such that
(5.18) Eˇ(u, v) = −κB(u) + Fuv(u, 0)
− 1
5
κL(u)
(
Gvv(u, 0)− 2Fv(u, 0)2
)
+ v E˜(u, v)
holds. Similarly, for Gˇ, there exists a smooth function G˜ on a neighborhood of
p such that Gˇ(u, v) = Gˇ(u, 0) + vG˜(u, v). Thus it follows that G(u, v) = v +
v2(Gˇ(u, 0) + vG˜(u, v)). Moreover, by (5.16), we have√
E(u, 0) = 1, ∂v
(√
E(u, v)
)∣∣∣
v=0
= −κL(u).
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Hence, there exists a smooth function ρˆ on a neighborhood of p such that
(5.19)
√
E(u, v) = 1− v κL(u) + v2ρˆ(u, v)
holds. With respect to φ11 = 〈∇ufu, ψ〉, applying Lemma 5.4, there exists a smooth
function αˆ on a neighborhood of p such that
(5.20) σφ11(u, v) = −κN(u) + v αˆ(u, v)
holds. Substituting (5.15), (5.16), (5.17), (5.18), (5.19), and (5.20) into (5.13), we
have (5.14) with ϕ(u) = 2κL(u)−Gvv(u, 0)/5−2Gˇ(u, 0)+2Fv(u, 0)2/5−2σφ22(u, 0).

Hence, by Proposition 5.5, we can describe the behavior of the Gaussian curva-
ture near a lightlike point of the first kind in terms of the invariant, κL, κN and
κB as follows.
Theorem 5.6. Let f : Σ → M3 be a mixed type surface and p ∈ LD a lightlike
point of the first kind. Then, the following holds.
(i) If κL(p) 6= 0, then K is unbounded near p. More precisely, if κL(p) > 0
(resp. κL(p) < 0), then K diverges to −∞ (resp. +∞) at p.
(ii) If κL = 0 holds along the characteristic curve on a neighborhood of p, and
κN(p) 6= κB(p), then K is unbounded near p, and changes sign between the
two sides of the characteristic curve.
(iii) The Gaussian curvature K is bounded on a neighborhood U of p if and only
if
(5.21) κL = 0 and κN = κB
hold along the characteristic curve in U .
Proof. Assertions (i) and (ii) are immediate consequences of Proposition 5.5. So
we shall prove (iii). By (5.12), Kˆ = v2λˆ2K. Hence, by (5.14), if K is bounded on
a neighborhood of p, then
κL(u) = κN (u)− κB(u) + κL(u)ϕ(u) = 0
holds, which implies (5.21). Conversely, if (5.21) holds, (5.14) yields that
K(u, v) =
Kˆ0(u, v)
λˆ(u, v)2
holds whenever v 6= 0. This implies the Gaussian curvature is bounded. 
As a corollary of Theorem 5.6, we here prove that the positivity or negativity
of κL affects the shape of the surface. In the case of fronts in the Euclidean 3-
space R3, it was proved in [35, Corollary 1.18] that a cuspidal edge with positive
(resp. negative) singular curvature κs looks like positively curved (resp. negatively
curved). A similar result holds in the case of the L-singular curvature κL:
Corollary 5.7. Let f : Σ→ R31 be a mixed type surface in the Lorentz-Minkowski
3-space R31, p ∈ LD a lightlike point of the first kind, and κL(p) the L-singular
curvature at p. If κL(p) is negative, then the image of f is saddle shaped near p.
On the other hand, if κL(p) is positive, then the image of f is dome like near p,
namely, locally lying on one side of its affine tangent plane.
Proof. Denote by Keuc the Gaussian curvature of f as the surface in the Euclidean
space R3. It suffices to show that, if κL(p) is positive (resp. negative), then Keuc(p)
is also positive (resp. negative). By the assertion (i) of Theorem 5.6, if κL(p) > 0,
K diverges to −∞ at p. It is well-known that K and Keuc have opposite sign (for
example, see [2]). Hence, Keuc(p) is positive. In the case of κL(p) < 0, a similar
argument implies the desired result. 
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Example 5.8. Set f : S1 × (0,∞)→ R31 as
f(u, v) =
(
cosu
cosh v
,
sinu
cosh v
, v − tanh v
)
,
which is known as Beltrami’s pseudosphere as a surface of constant negative cur-
vature Keuc = −1 in the Euclidean 3-space R3. As a surface in R31, γ(t) :=
(t, log(
√
2 + 1)) is the characteristic curve consisting of lightlike points of the first
kind. The image γˆ(t) = f(γ(t)) is written as
γˆ(t) =
1√
2
(cos t, sin t,
√
2 log(
√
2 + 1)− 1).
By a direct calculation, we have
κL(t) = − 1
3
√
2
, κN (t) = − 3
√
2, κG(t) = 0, κB(t) = −4
5
3
√
2.
In particular, κL is negative, and hence, Corollary 5.7 yields that this surface is
saddle shaped near the image of the lightlike point set LD (see Figure 5.2).
Figure 3. The figure of Beltrami’s pseudosphere. As a surface
in R3, Beltrami’s pseudosphere has negative curvature. The dark
(resp. bright) part is the image of the spacelike (resp. timelike)
point sets of the surface, and the boundary points of the dark and
bright parts consist of the image of the lightlike point sets LD. As
we see in Example 5.8, every lightlike point is of the first kind and
has the negative lightlike singular curvature κL(p) = −1/ 3
√
2. This
examples verifies Corollary 5.7.
Now, we prove Theorem B in the introduction.
Proof of Theorem B. The second assertion of Theorem B is a direct conclusion of
(iii) in Theorem 5.6. Hence, we here prove the first assertion of Theorem B. Let
γ(t) (|t| < ε) be a characteristic curve passing through p = γ(0). Assume that p
is not of the first kind. If p is a lightlike point of the admissible second kind, then
there exists a sequence {pn}n∈N consisting of lightlike points of the first kind such
that limn→∞ pn = p. The assertion (i) of Theorem A yields that the L-singular
curvature κL cannot be bounded near p = γ(0). However, since K is bounded on
a neighborhood of p, Theorem 5.6 implies that κL(pn) = 0 for sufficiently large
n ∈N , which is a contradiction. Hence, p cannot be of the admissible second kind.
Thus, suppose that p is an L∞-point. Then, there exists ε > 0 such that γ(t)
is not of the first kind for |t| < ε. Hence, γ′(t) gives a null vector field along γ(t).
If we take a coordinate system (U ;u, v) centered at p = (0, 0) such that η := ∂v
is a null vector field, the image of γ(t) coincides with the v-axis. Changing the
parameter t if necessary, we may assume that γ(t) = (0, t) holds. Since η = ∂v is
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a null vector field, we have F (0, v) = G(0, v) = 0. Therefore, there exist smooth
functions Fˆ , Gˆ on a neighborhood of p = (0, 0) such that
F (u, v) = u Fˆ (u, v), G(u, v) = u Gˆ(u, v)
holds. Then we have
λ = EG− F 2 = u(EGˆ− uFˆ 2).
Hence λv(0, v) = 0 holds. The non-degeneracy of p implies
0 6= λu(0, v) = E(0, v)Gˆ(0, v).
By (5.13), we have
Kˆ(0, v) =
1
4
E(0, v)Gˆ(0, v)2 > 0.
Therefore, the Gaussian curvature K = Kˆ/λ2 diverges to ∞ at p = (0, 0), which is
a contradiction. Thus, p must be of the first kind. 
In the latter part of the proof of Theorem B, we have shown the following.
Corollary 5.9. The Gaussian curvature K diverges to ∞ at an L∞-point.
As introduced in Fact 2.4, if the mean curvatureH is bounded on a neighborhood
of a non-degenerate lightlike point p, then p is an L∞-point. Then, Corollary 5.9
yields that the Gaussian curvatureK diverges to∞ at p. This assertion was proved
in [44, Proposition 4.8] (cf. [2] for the case of H = 0).
Now, we prove Corollary C in the introduction. In the case of fronts in the
Euclidean 3-space R3, it was proved in [30, Corollary B] that the limiting normal
curvature κν of a cuspidal edge is an extrinsic invariant. Similarly, in [15], it is
proved that the lightlike normal curvature κN at a lightlike point p of the first kind
is an extrinsic invariant. More precisely, let f : (Σ, p)→ R31 be a germ of a mixed
type surface in the Lorentz-Minkowski 3-space R31. Assume that f is real analytic,
p is a lightlike point of the first kind, and κL(p) 6= 0. Then, there exists a real
analytic germ of a mixed type surface f¯ : (Σ, p)→ R31 such that
• f and f¯ has the same first fundamental form (namely, f¯ is isometric to f),
and
• κN(p) 6= κ¯N (p), where κN (p) (resp. κ¯N (p)) is the lightlike normal curvature
of f (resp. f¯).
However, in the case of κL = 0, the existence of such an f¯ cannot be proved in the
method of [15]. We also remark that the lightlike geodesic torsion κG is also an
extrinsic invariant [15].
Proof of Corollary C. Take a specially adapted coordinate system (U ;u, v) as in
the proof of Theorem 5.6. If κL(u) = 0, (5.14) yields that
Kˆ(u, v) =
1
2
v (κN (u)− κB(u)) + v2Kˆ0(u, v),
and hence
κN (u) = κB(u) + 2Kˆv(u, 0)
holds. Since κB and Kˆ are intrinsic, we may conclude that κN is also an intrinsic
invariant. 
Remark 5.10. Such a phenomenon does not occur in the case of wave fronts.
Namely, there exist examples of wave fronts such that the singular curvature κs
is identically zero κs = 0 along the singular set, but κν is still extrinsic. For
example, the real analytic germ of a wave front f : (R2, 0) → R3 defined by
f(u, v) = ((1 + v3) cosu, (1 + v3) sinu, v2) has cuspidal edge with κs = 0 along the
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singular set v = 0. We can check that κν(0) 6= 0. And hence, by the method used
in the proof of [30, Corollary B], we can prove the existence of a real analytic germ
of a wave front f¯ : (R2, 0)→ R3 such that is f¯ is isometric to f but κν(0) 6= κ¯ν(0).
In the rest of this section, we shall consider the behavior of umbilic points of
mixed type surfaces with bounded Gaussian curvature. Let f : Σ→M3 be a mixed
type surface. On the timelike point set Σ− := {p ∈ Σ ; (ds2)p is indefinite}, the
restriction f− := f |Σ
−
is a timelike surface. Take a unit normal vector field ν of
f−. The shape operator S := (df−)−1 ◦ (−dν) satisfies one of the following:
(i) S is diagonalizable over R. (In this case, H2 −K ≥ 0 holds.)
(ii) S is diagonalizable over C \R. (In this case, H2 −K < 0 holds.)
(iii) S is not diagonalizable over C. (In this case, H2 −K = 0 holds.)
Then, a point p ∈ Σ− is umbilic if and only if S satisfies the condition (i) and
H(p)2 − K(p) = 0 holds. In the case (i) (resp. (ii)), the principal curvatures are
real valued (resp. non-real complex valued).
As we saw earlier, if H is bounded on a neighborhood of an non-degenerate
lightlike point p, then K diverges to ∞ at p. Namely, H2 −K diverges to −∞ at
p. Therefore, we have:
If H is bounded on a neighborhood of an non-degenerate lightlike point p,
then umbilical points do not accumulate to p. Moreover, there exists an
open neighborhood U of p such that the principal curvatures are non-real
complex valued on the timelike point set U− := Σ− ∩ U .
In the case of bounded Gaussian curvature, we have the following.
Corollary 5.11. If the Gaussian curvature K is bounded on a neighborhood of
an non-degenerate lightlike point p, then umbilical points do not accumulate to
p. Moreover, there exists an open neighborhood U of p such that the principal
curvatures are real valued on the timelike point set U− := Σ− ∩ U .
Proof. By Theorem B, p must be of the first kind. By Fact 2.4, the mean curvature
H is unbounded near p. Namely, H2 diverges to ∞ at p. Hence, so does H2 −K.
Thus, there exists an open neighborhood U of p such that H2 − K > 0 holds on
U∗ := U+ ∪ U−, which gives the desired result. 
6. Monge form for mixed type surfaces
A Monge form of wave fronts in R3 at the cuspidal edge singularity was given
in [27]. We show the following proposition which can be regarded as a Monge form
for mixed type surface at a lightlike point of the first kind.
Proposition 6.1. Let f : Σ → R31 be a mixed type surface, and let p ∈ Σ be a
lightlike point of the first kind satisfying f(p) = 0. Then there exist a local coordinate
neighborhood ((U ;u, v), ψ) of p, a neighborhood V ⊂ R31 of 0 and a Lorentz motion
Ψ : V → Ψ(V ) such that
Ψ ◦ f ◦ ψ−1(u, v)
=
(
u+ uva1(u) + uv
2a3(u) + v
3b1(u, v), v + u
2a2(u),
∫ u
0
u(a1(u) + 2a2(u) + ua
′
2(u))√
u2a1(u)2 + 1
du + v
√
u2a1(u)2 + 1+ v
2b2(u, v)
)
,
(6.1)
where a1, a2, a3 are functions of one variable, a
′
2(u) = da2(u)/du, and b1, b2 are
functions of two variables satisfying b2(0, 0) = 1/4.
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We remark that a coordinate system satisfying the conditions in the above propo-
sition is adapted.
Proof. We take an adapted coordinate neighborhood (u, v) near p. By a Lorentz
motion and a suitable change of u 7→ t u (t ∈ R), we may assume that fu(0, 0) =
(1, 0, 0), fv(0, 0) = (0, c, c) (c > 0). Remark that c can be chosen arbitrarily. We
set f(u, v) = (f1(u, v), f2(u, v), f3(u, v)). Then there exist functions of one variable
f11, f12 and a function of two variables f13 such that f1(u, v) = f11(u) + vf12(u) +
v2f13(u, v). We set a new coordinate system (u˜, v˜) by
u˜ = f11(u) + v
2f13(u, v), v˜ = v.
Then we see {v = 0} = {v˜ = 0} and ∂v = ∂v˜ on {v = 0}. Thus (u˜, v˜) is an adapted
coordinate system. Setting u = g1(u˜, v˜), we see the first component of f(u˜, v˜) is
u˜+ v˜f12(g1(u˜, v˜)).
Thus we may assume that f(u, v) is given by the form
f(u, v) = (u+ vf12(u, v), f2(u, v), f3(u, v)).
By the same argument together with (f2)u(0, 0) = 0, there exist functions f21 and
f22 such that
f2(u, v) = u
2f21(u) + cvf22(u, v) (f22(0, 0) = 1).
We set a new coordinate system (u˜, v˜) by
u˜ = u, v˜ = vf22(u, v).
Then (u˜, v˜) is an adapted coordinate system, and the first and the second compo-
nents of f(u˜, v˜) are
u˜+ v˜(h1(u˜, v˜)) and u˜
2f21(u˜) + cv˜,
respectively. Thus we may assume that f(u, v) is given by the form
f(u, v) = (u+ uva1(u) + uv
2a3(u) + v
3b1(u, v), cv + u
2a2(u), f3(u, v)).
Since (u, v) is an adapted coordinate system, df(∂v) is lightlike on {v = 0}, it holds
that
F (u, 0) = G(u, 0) = 0.
Moreover, since p is non-degenerate, Gv(0, 0) 6= 0. Thus
ua1(u) + uc(2a2(u) + ua
′
2(u))− (f3)u(u, 0)(f3)v(u, 0) = 0,
u2a1(u)
2 + c2 − ((f3)u(u, 0))2 = 0.
Since (f3)v(0, 0) = c > 0,
(f3)v(u, 0) =
√
u2a1(u)2 + c2.
On the other hand,
(f3)u(u, 0) =
ua1(u) + uc(2a2(u) + ua
′
2(u))
(f3)v(u, 0)
holds. Thus setting
f3(u, v) = f31(u) + vf32(u) + v
2f33(u, v),
we have f32(u) =
√
u2a1(u)2 + c2, and
f31(u) =
∫ u
0
ua1(u) + uc(2a2(u) + ua
′
2(u))√
u2a1(u)2 + c2
du.
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Thus we may assume that f(u, v) is given by the form
f(u, v) =
(
u+ uvα1(u) + uv
2α3(u) + v
3β1(u, v), cv + u
2α2(u),
∫ u
0
uα1(u) + uc(2α2(u) + uα
′
2(u))√
u2α1(u)2 + c2
du+ v
√
u2α1(u)2 + c2 + v
2f33(u, v)
)
,
where Gv(0, 0) 6= 0, it holds that f33(0, 0) 6= 0. We put
k =
√
|f33(0, 0)|, σ = sgn(f33(0, 0)) = ±1.
Setting v = 2σk v, we see
f(u, v) =
(
u+ uv
α1(u)
2σk
+ uv2
α3(u)
4k2
+ v3
1
8σk3
β1
(
u,
v
2σk
)
,
1
2σk
cv + u2α2(u),
∫ u
0
uα1(u) + uc(2α2(u) + uα
′
2(u))√
u2α1(u)2 + c2
du
+
1
2σk
v
√
u2α1(u)2 + c2 + v
2 1
4k2
f33
(
u,
v
2σk
))
.
(6.2)
Finally, setting
c = 2k, a1(u) =
α1(u)
2σk
, a2(u) = σα2(u), a3(u) =
α3(u)
4k2
,
b1(u, v) =
1
8σk3
β1
(
u,
v
2σk
)
, b2(u, v) =
1
4σk2
f33
(
u,
v
2σk
)
,
the right-hand side of (6.2) is(
u+ uva1(u) + uv
2a3(u) + v
3b1(u, v), σ(v + u
2a2(u)),
σ
(∫ u
0
u(a1(u) + 2a2(u) + ua
′
2(u))√
u2a1(u)2 + 1
du+ v
√
u2a1(u)2 + 1 + v
2b2(u, v)
))
,
and considering a pi-rotation around the axis of the first coordinate if necessary, f
can be written in the desired form. 
Let f : R2 → R31 be the mixed type surface given by the right hand side of (6.1).
Since the coordinate system (u, v) is adapted, applying Lemma 3.5 and Proposition
3.16, we have
κL = a1(0), κN = −a1(0)
2
− 2a2(0), κG = 4
3
(b2)u(0, 0),
κB = −a2(0) + a1(0)
5
(−5a1(0) + 12(b2)v(0, 0)− 2)
at the origin. On the other hand, f can be expanded in the following form
f(u, v) =
(
u+ a1(0)uv, v + a2(0)u
2, v +
(
1
2
a1(0) + a2(0)
)
u2 +
1
4
v2
)
+ h(u, v),
where h(u, v) consists of the terms whose degrees are higher than 2. Thus, we have
the following:
Proposition 6.2. Let f, g : (R2, (0, 0))→ R31 be germs of mixed type surfaces. If
κL and κN of them coincide at (0, 0), then there exist coordinate system (u, v) and
an isometry A of R31 such that
j20f(u, v) = j
2
0(A ◦ g)(u, v),
33
where j20 stands for the 2-jet of the maps with respect to (u, v) at (0, 0).
7. The Gauss-Bonnet type formula
In this section, applying the result by Pelletier [31] and Steller [40], we obtain
the Gauss-Bonnet type formula for mixed type surfaces with bounded Gaussian
curvature (Corollary D).
7.1. The Gauss-Bonnet type formula for metrics with varying signatures.
Let Σ be a smooth 2-manifold. We call a smooth symmetric (0, 2)-tensor g = 〈 , 〉
a metric on Σ. A point p ∈ Σ is called a singular point of g if rank gp < 2. Put
S(g) := {p ∈ Σ ; rank gp < 2} the set of singular points. Denote by
Np := {v ∈ TpΣ ; 〈v,x〉 = 0 holds for any x ∈ TpΣ}
the null space of g at p. A singular point p ∈ S(g) is called corank one if dimNp = 1.
A non-zero smooth vector field η such that ηp ∈ Np holds for each p ∈ S(g) is called
a null vector field. A metric g is called generic if the following conditions hold (cf.
[40, Definition 1]):
(G1) The singular set S(g) is a union of distinct simply closed regular smooth
curves S1, . . . , Sm (m ≥ 1). Each Sj (j = 1, . . . ,m) is called a singular
curve.
(G2) Every singular point is corank one (namely, dimNp = 1 holds for p ∈ S(g)).
(G3) For any null vector field η, it holds that ηp 〈η, η〉 6= 0 for each singular point
p ∈ S(g).
For any smooth vector fields X,Y, Z on Σ, we set XY (Z) : X(Σ) × X(Σ) ×
X(Σ)→ C∞(Σ) as
XY (Z) :=
1
2
(
X 〈Y, Z〉+ Y 〈Z,X〉 − Z 〈X,Y 〉
− 〈X, [Y, Z]〉+ 〈Y, [Z,X ]〉+ 〈Z, [X,Y ]〉
)
,
which is called the Levi-Civita dual connection [22]. Letting D be the Levi-Civita
connection on the non-singular set Σ \ S(g), it holds that XY (Z) = 〈DXY , Z〉.
Then, a regular curve γ in (Σ, g) is called a pseudo-geodesic if
XX(Z) = 0
holds, where X and Z are non-zero vector fields along γ such that X is tangent to
γ and Z is orthogonal to γ. We remark that this definition does not depend on the
choice of such vector fields X and Z, and is valid even on the singular set.
Let dA be the canonical volume element of (Σ, g). Namely, on a coordinate
neighborhood (U ;u, v), dA is written as
dA =
√
|λ| du ∧ dv (λ := EG− F 2),
where g = Edu2 + 2Fdu dv +Gdv2. We put a signature function σg on (Σ, g) as
σg(p) =
{
−1 (if gp is negative definite),
1 (otherwise).
Denoting by K the Gaussian curvature function on the non-singular set Σ \ S(g),
we call
(7.1) K¯ := σgK
the Gaussian curvature-with-sign. According to Pelletier [31] and Steller [40], the
following Gauss-Bonnet type formula holds:
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Fact 7.1. Let Σ be a connected compact orientable smooth 2-manifold without
boundary. If g is a generic metric on Σ such that the singular set S(g) is non-
empty and each singular curve in S(g) is a pseudo-geodesic, then∫
Σ
K¯ dA = 2pi χ(Σ)
holds, where χ(Σ) is the Euler characteristic of Σ, and K¯ is the Gaussian curvature-
with-sign.
We remark that Steller [40] proves the Gauss-Bonnet type formula in more gen-
eral situations (admitting the intersection points of singular curves), see [40].
7.2. The Gauss-Bonnet type formula for metrics for mixed type surfaces.
Now, we apply the Gauss-Bonnet type formula for generic metrics (Fact 7.1) to
mixed type surfaces.
Let f : Σ → (M3, g¯) be a mixed type surface. Then, the first fundamental
form ds2 of f induces a metric on Σ. Then, a point p ∈ Σ is a lightlike point of
the surface f if and only if p is a singular point of the metric ds2. Namely, the
lightlike point set LD of f coincides with the singular set S(ds2). Hence, if ds2 is
generic as a metric satisfying the condition of the pseudo-geodesics, we may apply
the Gauss-Bonnet type formula (Fact 7.1).
Here, we translate the conditions for generic metrics (G1)–(G3) into our lan-
guage. As we remarked in Section 2, every lightlike point p ∈ LD of a mixed type
surface f is a corank one singular point of the metric ds2 (cf. (2.6)). Namely, the
condition (G2) is always satisfied. Then, by Proposition 2.6, the condition (G3)
holds if and only if every lightlike point p ∈ LD is of the first kind. In particular, p
is non-degenerate, and hence, each connected component of LD is a regular curve,
so the condition (G1) is satisfied. In conclusion, we have the following:
Lemma 7.2. The first fundamental form ds2 of a mixed type surface f : Σ→M3
is a generic metric on Σ if and only if every lightlike point p ∈ LD is of the first
kind.
From now on, assume that every lightlike point p ∈ LD is of the first kind. Take
a characteristic curve γ(t) passing through p = γ(0). We shall review the condition
that γ to be a pseudo-geodesic given in [40]. Take a coordinate neighborhood
(U ;u, v) of p such that F = 0 on U and G(u, 0) = 0 hold. In other words, (u, v)
is an orthogonal coordinate system, such that the u-axis is a singular curve and
∂v is a null vector field. Hence we may call such (u, v) an orthogonally adapted
coordinate system. Then, the following was proved in [40, Proposition 1]:
If (U ;u, v) is an orthogonally adapted coordinate system, γ(u) = (u, 0) is a
pseudo-geodesic if and only if Ev(u, 0) = 0.
Thus, we have the following.
Lemma 7.3. Let f : Σ→ (M3, g¯) be a mixed type surface such that every lightlike
point is of the first kind. Then, each connected component of LD is a pseudo-
geodesic if and only if every lightlike point has vanishing lightlike singular curvature,
namely κL(p) = 0 for any p ∈ LD.
Proof. Let (U ;u, v) be an orthogonally adapted coordinate system centered at a
lightlike point p = (0, 0) of the first kind. By [40, Proposition 1], the characteristic
curve γ(u) = (u, 0) is a pseudo-geodesic if and only if Ev(u, 0) = 0. On the other
hand, by Lemma 3.9, Ev(u, 0) = 0 if and only if κL(u) = 0, which gives the desired
result. 
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By Fact 7.1 and Lemmas 7.2 and 7.3, we have the following Gauss-Bonnet type
formula for mixed type surfaces as follows:
Theorem 7.4 (The Gauss-Bonnet type formula for mixed type surfaces). Let f :
Σ→ (M3, g¯) be a mixed type surface in an oriented Lorentzian 3-manifold (M3, g¯),
where Σ is a connected compact orientable smooth 2-manifold without boundary. If
every lightlike point of f is of the first kind having zero lightlike singular curvature
κL = 0, then ∫
Σ
K dA = 2pi χ(Σ)
holds, where χ(Σ) is the Euler characteristic of Σ.
Proof. By Lemma 7.2, the first fundamental form ds2 of the surface f is a generic
metric on Σ. Also, by Lemma 7.3, each singular curve of ds2 is a pseudo-geodesic.
Moreover, since (ds2)p cannot be negative definite at each point p ∈ Σ, the Gaussian
curvature-with-sign K¯ given in (7.1) coincides with the Gaussian curvature K on
the non-lightlike point set Σ \ LD. Therefore, by a direct conclusion of Fact 7.1,
we have the desired result. 
Proof of Corollary D. By Theorem B, if K is bounded, then every non-degenerate
lightlike point must be of the first kind. Moreover, by Theorem B, if K is bounded,
κL(p) = 0 holds for any lightlike point p ∈ LD of the first kind. Then, Theorem
7.4 gives the desired results. 
Example 7.5. Let f˜ : R × S1 → R31 be an immersion defined by
f˜(u, v) := (u, cos v, sin v) (u ∈ R, v ∈ S1 := R/2piZ),
which is a cylinder over a circle in the timelike yz-plane (Figure 1). We can check
that every lightlike point of f˜ is non-degenerate, and f˜ is flat (i.e., K = 0 on the
non-lightlike point set). In particular, K is bounded. By Theorem B, we have every
lightlike point of f˜ is of the first kind and κL = 0 along the lightlike point set LD.
The parallel translation
pr(x, y, z) := (x+ 2pi, y, z) ((x, y, z) ∈ R31)
generates a subgroup Γ = 〈pr〉 of the isometry group of R31. Let M3 be a flat
Lorentz 3-manifold given as a quotient M3 := R31/Γ. Then, f˜ induces a mixed
type surface f : S1 × S1 → M3. Since f˜ is flat, so is f . And also, every singular
lightlike point of f is of the first kind and κL = 0 along the lightlike point set LD.
Hence, this example verifies Theorem 7.4 and Corollary D.
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